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INTRODUCTION 
Soil erosion has been recognized for a long time as being 
a serious problem especially vith the introduction of modern 
agriculture. Every year hundreds of tons of topsoil are 
eroded and carried away to the streams. One aspect of soil 
erosion is gully erosion. Gullying is prevalent throughout 
most of the United States and some other countries of the 
world. Bennett (1939) stated that there were more than 200 
million active gullies in the United States. Gottschalk and 
Brune (1950) reported rates of erosion as high as 12700 tons 
per square mile annually from intensely cultivated watersheds 
in western Iowa. The U.S. Corps of Engineers (1970) states 
that "in some areas gully erosion is a major source of sedi­
ment, up to 90 percent. In severely gullied areas, the annual 
gross erosion can be as high as 260000 tons per square mile 
(400 tons per acre)." 
A survey of rates of sediment deposition in reservoirs 
throughout the United States (USDÀ, 1956) shows that erosion 
rates in Iowa are as high or higher than any place else in the 
U.S.A. Figure 1 shows a gully in western Iowa. A gully de­
velops by processes that may take place either simultaneously 
or during its growth. These processes ares (l) waterfall 
erosion at the gully head, (2) channel erosion caused by flow­
ing water through the gully or impact of rain on the unpro­
tected walls of the gully, (3) alternate freezing and thawing 
Figure 1. Picture of a gully in Woodbury County, Iowa* Louis Jopson, owner, 
3 miles northwest of Smithland; flood control—Lum Hollow watershed. 
This gully head has advanced about 600 feet since 1938, It is now about 
30 feet from the county bridge. Note the silt layer that has been laid 
down on the top of the original soil (photographer* R. Proctor, May 3, 
1951J picture courtesy of H. P. Johnson) 
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of gully banks to make tension cracks behind the gully banks, 
and (4) sliding down of the gully bank because of seepage of 
water through the gully walls, and mass movement of eroded soil 
in the gully channel. Our concern in this study is mainly with 
the fourth stage. 
Seepage in gully walls is similar to seepage in strip 
mine embankments and mounds, and a mineland problem that we 
have worked on is the control of acid seeps in mineland soils 
by a proposed use of tile drains. Sendlein (1969) states 
that water seeping through existing ponds of low pH, in 
the strip mines comes out to the soil surface as a spring 
and is generally of a lower pH than the pond itself. This 
outcoming acid water often kills all the vegetation at the 
out-seep surface. Sendlein states that: "Controlling acid 
water from strip mines is an unsolved problem." 
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LITERATURE REVIEW 
Gully Erosion 
For the gully erosion section of the Literature Review 
we have divided the review under the following headings* 
gully development equations; case studies, other approaches, 
a factor of safety; and control measures. 
Gullv development equations 
Evaluation and prediction of gully development is diffi­
cult because the factors are not well defined and field 
records of gullying are inadequate. To determine the amount 
of gully growth, to relate the gully growth in a given period 
to hydrologie and watershed variables, and to define some re­
lationships between factors involved. Beer and Johnson (1963) 
conducted a study using land survey and aerial photography 
on the Steer Creek watershed in western lowa^  A regression 
analysis was made on the data of lateral gully development 
from 1938 to 1961, From the data, prediction equations based 
on linear and logarithmic models were obtained for the change 
in gully surface area. Of the formulations studied, the equa­
tion which most nearly represented the gully development was 
thought to be 
» n m v0.0982 ^ -0.044 ^ 0.7954 ^ -0.2473 -0.036X, 
2^ ~ 14 
where 
= change in gully surface area, acres 
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Xg = deviation of precipitation from normal, inches 
= index of surface runoff, inches 
Xg = terraced area of watershed, acres 
Xg = gully length at the beginning of the period, feet 
X^  ^= length from end of gully to watershed divide, feet 
The conclusion that the functional relationship for the gully­
ing process is a logarithmic relationship was supported by the 
fact that the average deviations from the fitted curve were 
smaller for a logarithmic model than for a linear model. The 
equation of Beer and Johnson (1963) would indicate through the 
X^  factor a much greater development of gullies in lighter 
soils than in heavier soils. The equation delineates some of 
the factors, but it should not be considered applicable 
exactly to other areas with different climatic and topographic 
conditions. 
In another study, Thompson (1964) tried to find the re­
lation between gully head advancement and watershed variables 
using the data obtained from different areas under which 
gullies exist. The most efficient relationship he obtained is 
R = 0.15 p0»74 gl.OO 
where 
R = gully head advancement, feet 
A = drainage area above gully head, acres 
S = slope of approach channel above the gully head, 
percent 
P = summation of rainfall from 24-hour rains equal or 
greater than 0.5 inches, inches 
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E = soil factor. The approximate clay content, in per­
cent, of the soil profile through which gully head 
is advancing 
He concludes that depth of gully is not a significant variable. 
Vanoni (1977) has stated that the U.S. Soil Conservation 
Service, 1966, based design problems on the following equations 
R = 1.5 pO-20 
«2 = 
where 
R = gully head advancement, feet 
A = drainage area, acres 
P = summation of 24-hour rainfall of 0.5 inches or more, 
inches 
In the second equation, subscripts 1 and 2 refer to past 
and future. The second equation is the actual prediction 
equation. 
Since much of the gully erosion in western Iowa occurs in 
loess soils, it is pertinent to cite literature on the col-
lapsibility of loess soils. Handy (1973) has found the follow­
ing relatioiiship between col laps ibility and clay content 
L.AJg = 0:301 + 0 = 0231 X___ 
where 
L = liquid limit 
Vi„ = saturation moisture content 
s 
0^05 ~ percent 0.005 mm clay 
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He states that "one of the most striking geometric features in 
regions of thick loess is the extensive, deep, valley-slope 
gullying characterized by headward movement of a vertical head-
wall 1.5 to 10 meters deep." 
Case studies. other approaches. a factor of safety 
Piest et al. (1975) and Piest and Spomer (1968) studied 
the sediment movement from four gullies near Treynor, Iowa. 
Tables 1 and 2 present the different areas and sediment 
yields. Table 3 shows gully growth during 1965. The gully 
sediment movement during storm runoff is measured by the 
sampling of stream flow at channel cross sections above and 
below the gully headcut. Their interpretation based on 
selected storms gave the result that shearing or tractive 
forces on the channel boundary are not the major forces causing 
gully erosion. Gully sediment concentrations and discharges 
of individual storms often reached a maximum soon after sur­
face runoff began but rapidly decreased before the peak. After 
the cleanout of the gully channel, renewed erosion occurs just 
after the peak runoff. This renewed erosion is caused by 
sloughing of wetted gully banks. After considering the en­
vironmental factors on gully erosion they concluded that ex­
pressions used to relate runoff to gully erosion did not, 
through the use of such factors, improve. Furthermore, they 
concluded that the effect of gully bank seepage on erosion 
rates is greater at places where trenching depth is not 
Table 1. Watersheds and outlet gullies near Treynor, Iowa (from Piest et al., 1975) 
Watershed 
Size 
No, (acres) Crop 
74.5 Corn 
82.8 Corn 
Treatment 
Field 
contoured 
Field 
contoured 
Outlet drainaqeway 
Scarp 
Condition 
Distance to 
measuring 
weir (ft) 
1965 1972 
Advancing 260 
and raw 
Nonadvancing, 690 
raw, and 
chutelike 
Gully 
bank 
condition 
420 Erodina 
700 Eroding 
107 
150 
Bromegrass 
Corn 
Rotation 
grazed 
Level 
terraced 
Stepped 
Stepped 
700 700 Mostly 
stable 
850 850 Stable 
Table 2. Sediment yield by erosion source from Treynor, Iowa, watersheds, 1965-71 
(from Piest et al., 1975) 
Year 
Annual 
Water- precip. 
shed (inches) 
Kunoff (inches ) 
Ground 
water Surface Total 
Sediment yield 
Sheet-
rill Total 
(tons/ Gully (tons/ 
acre) (tons) acre) 
1965-71 
averages 
1 32.58 2.50 4.80 7.30 26.7 500 33.4 
2 32.34 2.52 4.45 6.96 20.9 388 25.5 
3 31.54 2.91 1.75 4.66 .3 40 .6 
4  31.85 6.22 .67 6.89 .9 2 .9 
H 
o 
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Table 3. Runoff and gully growth during 1965, watershed 1 
(from Piest and Spomer, 1958) 
Runoff Gully erosion 
Dates (acre-ft) (tons) 
January 1 - April 14 29 130 
April 15 - June 9 17 510 
June 10 - August 13 32 160 
August 14 - December 8 25 350 
Total 103 1150 
controlled; and that, in the failure sequence, soil satura­
tion, mostly by runoff and heavy rainfall, causes loss of 
soil strength and block dislocation by slippage. 
Bradford et al. (1973) have examined some of the factors 
influencing gully bank stability in loess soils. They used 
the Simplified Bishop Method of Slices to calculate a factor 
of safety. The factor of safety is an index of stability of 
a soil slope. If the factor of safety is greater than one-
the gully wall should be stable, and if it is less than one, 
unstable. The factor of safety depends on the shape assumed 
of the surface of failure. Segments of circles and arcs of 
cycloids are, in general, assumed to be the closest arcs to 
failure surfaces. 
Bradford et al. (1973) computed factors of safety condi­
tions. They considered angle of friction, cohesion of soil. 
12 
water table height, infiltration rate, height of gully wall, 
and soil density. They point out that one of the factors 
they do not include is "seepage of subsoil water". Their 
computed factors of safety indicate that vertical, saturated, 
or near-saturated gully walls will fail in most loessial 
soils if a water table exists at the base of the gully wall 
and if cohesion is zero at saturation. As an example, they 
computed that, for a 300-cm slope, friction angle of 25 de­
grees, and a water table level of 110 cm below the toe of the 
slope, the factor of safety is 1 and failure will occur. In 
studying the influence of infiltration through the gully they 
found that the factor of safety decreases as the infiltration 
rate increases. Also they concluded that the assumption of 
zero cohesion is not valid for all loessial soils. 
In another study, Ellis (1973), using cycloidal arcs 
computed factors of safety, and in particular for different 
angles of friction. Critical equations were derived for the 
height of ditch or gully wall. The soil was assumed to be 
unsaturated. Some graphs and tables were prepared for design 
of ditch heights. 
Taylor (1973) in a Ph.D. dissertation analyzed gully 
stability for sloped gully walls. A fluctuating water table 
was considered behind the gully walls. He used the ordinary 
Method of Slices with cycloid arcs as failure surfaces. It 
appears that some modifications in his equations 35 and 41 
are needed. Taylor's potential function is not applicable 
13 
to vertical gully walls. 
Landslides and rockbursts have some features as in 
gully-wall breakdown. The result of the application of in situ 
field techniques for the explanation of rockburst and land­
slide mechanisms indicate that cyclic-stress-strain varia­
tions (or fatigue loading) within the earth's crust is the 
main factor to cause rockbursts and landslides (Kuran, 1977). 
Control measures 
Some researchers have done work on types of structures 
to control gully growth, without looking at the mechanisms of 
gully failure. Hudson (1963) was concerned with Mapani soils 
in Rhodesia. He considered small earthdam construction, 
bevelling gully heads, vegetation, dikes, and brick weirs. 
Of these structures, the weirs were the most successful in 
controlling gullies. He recommended that the following 
construction items should be noted when weirs are used s 
(l) frequent maintenance is essential, (2) water must flow 
over the weir in the middle section, (3) the ends of the wall 
must be well-keyed to the bank to prevent seepage, and 
(4) scour frequently occurs immediately below the weir. 
Harris and Hay (1963) point out that gully rehabilita­
tion and control normally consists of the construction and 
maintenance of a grassed waterway and of a terminating device 
for the waterway. The installation of a structure as a 
terminating device is essential for the control of large 
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gullies. They presented a method of design of vegetated out­
let sections. 
Since the gullies form along the scarps of terraces, 
control measures involve the diversion of runoff in the vege­
tated waterways, drop structures, or chutes. The control that 
seems most adaptable and economical is a river-terrace 
diking system (Palmer, 1963). 
The Seepage Problem in Mineland-Spoil Rehabilitation 
Coal-mined areas must be converted to productive lands. 
One way of using these lands is to establish adaptable vege­
tation on them to produce commercial crops. In a field ex­
periment, Geyer and Rogers (1972) have planted different com­
mercial trees on coal-mined spoils in Kansas. Their result 
shows that black locust, bur oak, sycamore, loblolly pine, 
and short-leaf pine performed the best of those species 
tested on ungraded spoils. Geyer and Rogers (1972) state 
that : 
Mortality was high the first growing season and severely 
reduced stocking, but growth during succeeding years 
clearly indicated the potential for growing the timber 
crops once plantations are established. Although 
drought and high temperatures were considered the 
greatest cause of mortality during the first years of 
this study, toxic spoil could have been an important 
factor. Toxicity was the major problem in a similar 
study initiated in Indiana in 1949.... Spoil pH was 
increased. Some individual readings were still quite 
acidJ but 25 percent were greater than 7.0 (average pH 
increased from 5.6 to 6.1 between 1947 and 1957}ê 
In a study by Verma and Thames (1975), results of mining 
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operations on mined-area hydrology and the effectiveness of 
reclamation efforts are reported. They state that the re­
claimed land has great potential for erosion control and use 
as a rangeland, but grazing must be restricted until vegeta­
tion has been established. 
Strip mining for coal in eastern United States has ex­
posed much of the pyrite material to the atmospheric oxygen. 
Pyrite is oxidized to soluble acids which are readily leached 
by rain or seeping water. This process creates acid drainage 
and seeps. The phenomenon causes a drastic change in water 
quality and subsequent effects on vegetation. Rogowski 
(1977) studied physical and chemical processes that affect 
the quality and quantity of water on reclaimed areas in 
Appalachia. He used two large caissons filled with spoil 
material. The spoil is presumably a mixture of mineral sub­
soil and broken-up shale. Caisson 1 was "topsoiled" with 
50 cm of "soil". Caisson 2 contained 40 cm of acid shale 
(pyrite material) covered with 240 cm of spoil. Rogowski 
measured oxygen concentration at different times (after 
application of water) and different depths in the caissons. 
Table 4 (Rogowski's Table 3) shows that oxygen content was 
higher in caisson 2 than in caisson 1; hence, more acid forma­
tion should be expected in caisson 2 than in caisson 1. 
Rogowski also made measurements of 30^  content and acidity 
(pK) at different depths in the caissons after water applica­
tion to each. It is seen that the values vary considerably. 
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Table 4. Oxygen (0^ ) concentration for selected times after 
application of water (from Rogowski, 1977) 
Caisson 1. depth (cm) Caisson 2 ,  depth (cm) 
Time 30 122 244 Time 38 130 252 
(days) (%02 ) (days) (9^ 2) 
0 14.8 8.4 12.9 0 17.1 9.8 11.3 
1 1.9 5.7 6.7 1 19.8 19.0 _a 
6 2.1 4.0 11.4 5 16.9 17.7 -
13 4.7 4.5 10.5 8 18.0 18.8 17.7 
27 8.1 7.7 4.2 14 20.8 19.6 20.5 
W^ater table above O2 diffusion chamber. 
Rogovski concludes that: 
(1) although sulfur contents within a spoil profile un­
doubtedly were related to acid generation, the highest 
sulfur content (acid shale, caisson 2) did not seem 
to generate exceptionally high acid effluent; (2) ap­
parently adequate topsoil cover (caisson l) improved 
Mine water effluent from Iowa Coal Project Demonstration 
Mine (ICPDM) #1 has been evaluated by Sendlein (1977). To 
monitor the surface water quality a sampling network was set 
up in July 1975. Stations 40 and 32, of the network, are 
located 10 meters upstream and 10 meters downstream from the 
discharge pipe from the ICPDM #1 sediment pond which is the 
only outlet for effluent from ICPDM #1. Some of the selected 
pH readings of the pond water and the above and below pond 
stations are shown in Table 5, The important point in the 
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Table 5. Selected pH of settling pond, station no. 32, and 
station no. 40 (from Sendlein, 1977) 
Eg 
Settling Station 32 Station 40 
Date pond (downstream) (upstream) 
8/28/1975 8.20 4.90 4.90 
9/27/1975 8.20 4.60 4.80 
10/25/1975 7.00 6.90 6.85 
11/15/1975 7.70 7.90 7.65 
2/26/1976 6.95 7.25 7.25 
3/27/1976 6.85 7.75 7.60 
4/29/1976 4.70 7.10 7.50 
5/27/1976 4.85 8.10 8.10 
6/22/1976 3.70 7.30 7.20 
7/27/1976 2.95 5.60 5.60 
8/24/1976 2.80 6.40 6.45 
9/22/1976 2.75 6.80 6.80 
11/5/1976 3.45 7.50 7.40 
12/9/1976 3.20 6.35 6.40 
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table is the increase in acidity with time in the mine 
settling pond. The pH (acidity) of the pond seems to have 
little influence on the stream pH below the pond site (Table 
5). The amount of water in the stream seems to greatly 
dilute the mine water especially in 1976. The intensity of 
acidity in the pond indicates that mines can pollute streams 
severely if the stream flow is small. Use of calcium car­
bonate is suggested for neutralizing acidic conditions. 
To solve the mathematical details of the seepage prob­
lem in mineland soil, reviewed works of many researchers 
like Powell and Kirkham (1976), Kirkham and Van der Ploeg 
(1974), Najmaii (1974), Warrick (1970), and others. Refer­
ences to specific points in the work of these authors will 
be made in the mathematical analysis section. 
Objectives 
The objectives of the research may be listed as followss 
lo Use of the Modified Gram-Schmidt method to find 
potential functions and stream functions, that satisfy 
Laplace's equation, for (a) a gully erosion situation and 
(b) a mineland drainage situation. 
2. Draw flownets for different gully geometries. 
3. Analyze the stability of gully walls by use of the 
Method of Slices in conjunction with pore water pressures 
T^he "we" style is editorial and is used in preference to 
the passive voice. 
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obtained under 2. 
4. Draw flownets for a mineland seepage situation where 
tile drains are installed to relieve acidity. 
The objectives will be taken up separately under the 
headings Gully Erosion and Mineland Seepage. 
20 
GULLY EROSION 
Mathematical Analysis of Gully Wall Seepage 
Flow model. no water in the gully channel 
Figure 2 is a schematic diagram of a gully with vertical 
walls. In fact, this problem is like Taylor (1973) except 
that he had sloped gully walls and a flat soil surface. The 
mathematical theory here, however, is quite different from 
that of Taylor (1973). In Figure 2, we have shown half of a 
complete gully situation. The other half is symmetrical with 
a vertical line passing through the half width of gully chan­
nel. We assume that as water seeps to the gully channel it 
is carried away sufficiently rapidly that the depth of water 
may be taken as zero. The flow medium is considered to be 
homogeneous and saturated to the soil surface. Darcy's law 
is applicable and the hydraulic conductivity is constant over 
the whole seepage region. 
An origin of coordinates is chosen on the toe of the 
gully wall and a system of cartesian (x,y) coordinates is 
established at point 0 in Figure 2. The soil surface has an 
angle of slope a. The dimension S is the height of gully 
wall above a horizontal impervious layer; H is the height of 
a divide; and L is the length of flow medium. No flow passes 
through the impervious layer and no flow occurs across the 
divide. 
Figure 2, A flow model showing a gully with vertical walls and sloped soil 
surface; H is the height of divide and S is the height of gully wall 
'Tn 
•Gully Bank 
(D 
(D H 
ro 
N 
Y 
X / 
<f> Ref. Level 
Impervious Layer 
-—^  L — 
23 
Boundary conditions With reference to Figure 2, the 
boundary conditions (indicated by circled numbers) are 
Boundary condition 1: = 0, (0 < x 2 L, y = 0) 
Boundary condition 2: ô^ /àx =0, (x=L, 0 < y 5 H) 
B o u n d a r y  c o n d i t i o n  3 ;  < î > = y »  ( 0 < x ^ L ,  S s y ^ H )  
Boundary condition 4; $ = y, (x = 0, 0 5 y s S) 
vhere 4) is the potential function to be determined to satisfy 
Laplace's equation and the aforementioned boundary conditions. 
Since we are working in cartesian coordinates, it is 
essential that our potential function, (j)(x,y), satisfy 
Laplace's equation in rectangular coordinates (for an ex­
ample in polar coordinates see Appendix A). Laplace's 
equation in rectangular coordinates is 
 ^^  . 0 (1) 
6x^ ay 
Equation 1 has a general solution given by Kirkham and 
Pcvsrs (19*72, p. 57 and p» 100), FÎTOIÛ the general solution 
we have selected a solution to satisfy boundary conditions 
1 and 2 as 
(2) 
in— 1 y j $ # # # 
where the A^  are an infinite set of arbitrary constants. In 
the left side of equation 2 the H in the denominator makes the 
t!)/H a dimensionless potential function. To follow Powers 
et al. (1967) we shall change the infinite set of A of 
m 
equation 2 to a finite set of constants, A^  ^for m=l,3,,.,,N, 
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where for exactness, N -• <». Equation 2 now becomes 
H =  ^ (3) 
in— 1 » j * # # * 
We now use a Modified Gram-Schmidt method (Kirkham and Powers, 
1972), called the PKS method (after Powers, Kirkham and Snowden, 
1967), to find the of equation 3 to satisfy boundary con­
ditions 3 and 4. With the properly determined in equa­
tion 3, it will give the potential function (^ /H that we seek. 
There is a point to observe about equation 3. Since in 
our flow model (Figure 2), the height of divide is H, whereas 
in equation 3 we have a factor 2H in the denominators of the 
arguments of the cosh terms, it is apparent that we have 
tacitly added a fictitious flow region to the real part of 
our flow model. This fictitious region is shown in Figure 3 
(also see Kirkham and Powers, 1972, p. 124). The fictitious 
flow region is taken into consideration when the A^  ^of 
equation 3 are determined. 
Checking the boundary conditions To check boundary 
condition 1 we take the partial derivation of equation 3 with 
respect to y 
lê = 0 . £  ^. sin „my/2H (4) 
ID— X  ^.J J • • • 
but since y = 0, therefore, sin mTry/2H = Oj a^ /Sy = 0; and 
boundary condition 1 is checked. 
To check boundary condition 2 we similarly have 
Figure 3. Flow of water to the gully wall and the mirror image 
1 L 
y 
Image Mirror 
S 
J-
"Image" Soil 
"Real" Soil 
TTTTTmrrm 
Impervious Layer 
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= 0 - z A„ (#T/2H)sinh yna - xl/2H C5) 
âx , -3 Nm cosh mrrL/2H iri— X ^  ^• • • 
but since we have x = L, we find sink imrCL - x)/2H = 0; 
a$/ax = 0; and boundary condition 2 is checked. 
Boundary conditions 1 and 2 are now seen to be satisfied 
for any set of hence, a check on the remaining boundary 
conditions, 3 and 4, will consist of evaluating the set of 
constants A., . Nm 
For boundary condition 3, we have for points on the soil 
surface of Figure 2 
Itl— 1. f j * * • # 
and for boundary condition 4, we have for points on the gully 
walls, that is, for points x = 0 and y = y, 0 ^  y 5 S, the 
expression 
T _ 1 _ r A cosh m%(L - 0)/2H may 
H "  ^ - Nm cosh mTTL/2H 2H  ^ÎTI— J. ; J ; 5 5 5 
or 
N 
y/H = 1 - S A^  ^cos mTry/2H (8) 
m—1,3,•*• 
Now we have to find a set of À., that satisfies equation 5 Nm 
and 8 simultaneously. To do this, we use the method of 
Powers, Kirkham, and Snowden (1957), hereinafter called the 
PKS method. With this concept, equation 3 is rewritten 
"m'y '  ' (N - "•) O' 
ITI— X 9 3 9 # » • 
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where 
1  -  g  0 < y < S  
f(y) = " (10) 
1 - g S < y < H 
and u (y) can be written, after changing x in equation 3 to 
m 
its equal, x = L(y - S)/(H - S), as (where the change of x to 
its value in terms of y is to be understood) 
cos miTy/2H 0 < y < S 
u^ (y) = (11) 
y^/2H S<y<H 
X = L(y - S)/(H - S) 
Because we use in the PKS method a finite value of N, 
then equation 9 becomes 
m—' J. f j ^ # 
In equation 12 the N has the meaning that f^ (y) approximates 
f(y) in equation 10 for large values of As ve increase 
the value of N we get better and better approximations of 
the function f(y). To approximate the function f(y) for 
every value of N we need a different set of To get the 
set of we have used a FORTRAN program (Boast, 1969) which 
is based on the recursion relations of Kirkham and Powers 
(1972, Table A2). To use this program, the integrals w^  and 
u defined by 
mn 
H 
•Wjj, = / f(y) u^ (y) dy m = 1,3,5,..., N (13) 
0 
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and 
H 
u = J* u (y) u (y) dy m = n = 1,3,5,..., N (14) 
inn Q m 
are needed. 
We have evaluated the above integrals using Dwight 
(1961) and Grobner and Hofreiter (1949). The procedure is 
not shown here. The resultant equations seem lengthy 
but once they are computerized it is very simple to use them. 
The resultant equations are 
cos m = 1,3,5, (15) 
and 
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H . (m-n)nS H . (m+ninS 
m^n ~ Tt(m-n) 2H iT(m+n.) 2H 
% {[a^  cos + ag cos (tanh ^  + tanh •^ ) 
- [a^  sin + a, sin tanh%^ ) 
+ [33 cos[^ 2^H^ ^^  + a? cos (™^ g)^ ]^(tanh - tanh 
- [a^  sin '*' 8^ (m-g)^ S] (i-tanh^  tanh^  ]> 
m ^  iif in — l%3f5^ 3#,* (16) 
where 
a, = _ (17) 
 ^ n(m+n)[L^ +(H-S)^ ] 
=  — ( 1 8 )  
 ^ n(m+n)LL +(H-S)^ 1 
a^  = —;—2H(m-n}(H-S) (19) 
n[(m-n) L^ +(m+n) (H-S)^ ] 
a„ = 2H(,n^ n)(H-S)^  (20) 
 ^ (m-n)^ L^ +(m+n)^ (H-S)^ ] 
a = 2HL(m+n)(H-S) , . 
 ^ TT[(in+n) V+(m-n)^ (H-S)^ ] 
a, = 2H(.-.)(H-S)^  _ (22) 
n[(m+n)^ L^ +(m-n)^ (H-S)^ ] 
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2HL(H-S) (23) 
7^ n(m-n)[L^ +(H-S)^ ] 
8^ = 2H(H-S)^  (24) 
n(m-n)[L +(H-S) ] 
when m = n some of the terms go to zero and some will cancel 
out, and the resultant equation is 
S H . ITOTS . 1 nrrrS 
u = — + T— ~ 
mm 2 2m'TT sin 2(a^ cos + a^ jtanh 
- a^ tsin ^ ^^ )(1 + tanh? ^ )^ + (H-S)(l - tanh^  ^ )^ 
- a^  (sin ^ ^^ )(1 - tanh^  ^ )^ (25) 
where 
3 = HL(H-S)  ^  ^ H(H-S)^  (26) 
 ^ mn[l?+(H-S)2]  ^ mn[L2+(H-S)2] 
-.-Iz a. = ^  (27) 
Stream function From the potential function (equation 
3) and use of Table 3-1 of Kirkham and Powers (1972) we find 
a stream function 
4r = K !, 3 (28) 
in— ^  f f • • 9 
We use this equation to calculate streamlines and to draw a 
flownet. 
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Results of the aullv vail seepage analysis A FORTRAN 
computer program has been written to calculate the set of 
of equation 12 and to approximate the f(y) of equation 9. 
This program is shown in Appendix C. Figure 4 shows how well 
we approximate f(y) by different f^ (y) when the values of 
the length dimensions S and H are given with respect to L, 
as S = 0.5 L, and H = 0.9 L. The approximation of f(y) is 
drawn for N = 1, 19, 39, 59, and 79. It is seen that as N 
increases f^ (y) gets closer to f(y). There is a factor 
called the Normalized Bessel's Check (NBC) that shows how 
close f^ Xy) is to f(y). As NBC gets closer to 1.0, the 
approximating function f^ (y) approximates f(y) better. The 
NBC for different N's is shown in Figure 4. For example, for 
N = 1, NBC = 0.985 and for N = 79, NBC = 0.999. 
The flownet for the model, we have just seen at the upper 
right of Figure 4, has been drawn by using equations 3 and 28, 
and is shown in Figure 5. A piezometer at point P(x,y) shows 
the hydraulic head (j) or the level that water stands in the 
piezometer above the reference level (x axis). This head 
includes the pore water pressure head at point P(x,y). The 
pore water pressure is used later on to calculate the sta­
bility of the gully wall against collapsing for assumed condi­
tions of the soil. Figures 6, 7, 8, and 9 are other examples 
of flownets where the length values L, H, S are sometimes 
given numerically. The length units when not expressed can 
be meters, feet, or any other unit; we shall later use feet. 
Figure 4, Graphs of f(y) and approximated f^ (y) versus y for N = 1, 19, 39, 
59, and 79; the figure at the upper right gives the flow geometry 
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Figure 5a. Flownet for gullies; with S = 0.5 L and H = 0.9 L; in Figures 5, 6, 7, 
8 and 9 and other flownets of gully, the streamline function is given 
for a hydraulic conductivity K = 1 
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Figure 5b. Flownet for gullies with S = 0.5 L and H = 0.8 L 
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Figure 5c. Flownet for gullies with S = 0.5 L and H = 0.7 L 
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Figure 5d. Flownet for gullies with S = 0.5 L and H = 0.6 L 
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Figure 6. Flownet for a gully with H = 22.5 ft and S = 12.5 ft 
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When the soil surface in Figure 2 is flat we can still 
use our FORTRAN program to solve the problem and draw a 
flownet. Two such flownets are shown in Figure 10, Our 
result is the same as found by Kirkham (1950) in a different 
way (see Appendix A for equations). 
We have noticed that if S is small compared to the other 
parameters we need a bigger N to get a good approximation of 
f(y) (see Appendix A). 
Flow model. some water in the gully channel 
Figure 11 shows a flow model which is like Figure 2 
except that there is some water in the gully channel. 
Boundary conditions The boundary conditions for this 
problem are 
B.C.I, along OA: # = h, (x = 0, 0 5 y < h) 
B.C.2, along AB: $ = y, (x = 0, h 3 y 5 S) 
B,C,3, along BCs = y, (0 5 x s L, S s y < H) 
B.C.4, along CD: d < P / o X  =  0 ,  (x = L, 0 < y < H) 
B.C.5, along DO: a^ /èy =0, (0 < x S L, y = G) 
As we see we have added only one boundary condition to 
the previous problem's boundary conditions. The potential 
function for this case is the same as equation 3. The func­
tion f(y) for this problem is 
Figure lOa. Flownet for a gully when the soil surface is flat; S = H = 0,5L. 
In this figure and in Figure 10b, the potential and stream functions 
are normalized to compare with Kirkham (1950) 
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Figure 11. Schematic diagram of a gully with some depth of water in the gully 
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1 - ^  0  <  y  <  h  
f(y) = 1 - g h < y < S (29) 
1 - ^  S < y < H 
n 
where h is the height of water in the gully channel. The 
function u_(y) is 
m 
cos imTy/2H 0 < y < h 
u_(y) = cos nmy/2H h < y < S (30) 
 ^  ^< y < H 
in — 1 a 3 g e * e 
X = L(y-S)/(H-S) 
The w is 
m 
imi ici If 
- sin ^  ^ (H-S)2[L2-(H-S)2] 3^5 
2H[L2+(H-S)2] (i2+(H_s)2i2 2" ^ L - S)-J lf -S Z]Z
(31) 
and u are the same as in equations 15-27. 
mn 
Now we proceed as in the first problem and find a set 
N^m approximate f(y) by fj^ (y). Then, we draw flownets 
using the set of the potential function, and the 
57b 
stream function. 
Results of the gully wall seepage analysis Figure 12 
shows the approximation of f(y) for N = 1, 19, 39, 59, and 79, 
The circles give f^ y^) the approximated f(y); and the solid 
line is the f(y) to be approximated. 
Figure 13 shows a flow net when H = 0.9L, S = 0,5L, and 
the height of water in the gully channel h = 0.25L, The 
gully wall from 0 to 0.25L is an equipotential line. Figure 
14 shows another flownet when H = 0.9L, S = 0.5L, and 
h = O.IL. 
Mathematical Analysis of Gully Wall Stability 
When water seeps to gully walls it exerts a pressure. 
This pressure is called pore water pressure. In this section 
we will analytically develop a safety factor that will depend 
on the pore water pressure, the soil conditions, and the 
gully geometry. This factor of safety will tell us whether 
or not the gully wall will collapse. 
The cycloid failure surface 
For the derivation of the factor of safety the shape of 
the surface of failure is needed. For cohesive soils the shape 
of the curve of the surface of failure has variously been de­
scribed as circular, parabolic, cycloidal, and logarithmically 
spiral (Jumikis, 1965, as cited in Ellis, 1973), Collin, 1846, 
as cited in Ellis (1973), states that the "line of rupture 
Figure 12. Graphs of f(y) and f^ (y) versus y for N = 1, 19, 39, 59, and 79; 
the figure at the upper right gives the flow geometry 
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Figure 13. Flownet of a gully when the height of water in the channel is 2.25L, 
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appears to be a cycloid or a curve of that family" in the 
numerous embankment failures that he studied. In analysis 
of embankment failure, Spangler and Handy (1973) assume a 
cycloid as the line of failure and use it with the Method of 
Slices. Their method will be followed here. 
Because the cycloid equations are basic in the derivation 
of the Factor of Safety, we shall derive the cycloid equations. 
The derivation is in Appendix A. 
The equations, in parametric form, of the cycloid as 
found in Appendix A are 
X* = r(9 - sin 9) (32) 
y* = r(l - cos 0) (33) 
where r, as shown in Figure 15, is the radius of a circle 
which generates the cycloid, and 9 is equal to the angle of 
rotation of the circle (with the center of the circle con­
sidered as apex of 9). In equations 32 and 33 the coordinates 
are primed because their origin is net the origin of the %*y 
coordinates used in the potential problem. 
Figure 15 has been prepared to show how the physical 
gully ties in with the cycloid arc. The surface of failure 
is assumed to start at point 0*. The point 0' is at a dis­
tance AO' from the gully wall. Denoting AO' by x'^ , it is 
seen that in equation 32, x' becomes x' . It is also seen 
m 
that the gully height S and the ordinate distance y' of 
equation 33 are the same. In Figure 15, S = RTA. 
Field data are not available for the distance x' of 
m 
Figure 15. Generation of a cycloid 
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Figure 15. Therefore, some calculations will be made for 
some assumed values of x* . These values of x' will also 
m m 
result by calculation from some assumed values of r, say r^ , 
to be used in equations 32 and 33. 
In Figure 15 there is a triangle of soil above the 
region of the cycloid equations. This soil will be taken 
into account in deriving equations of the gùlly-wall 
sloughing. It is assumed that the slough or collapse line 
will be vertical above point 0*. 
In the cycloid equations, corresponding to the dis­
tances X' and S, there is associated an angle which is 
m m 
nothing more than the 9 in the cycloid equations 32 and 33. 
We call 6^  the maximum angle of rotation because the cycloid 
passes from the toe of the gully when the generating circle 
has rotated an angle of 9^ . Corresponding to S, x'^ , and 
9^  there is also a radius r^  of the generating circle. 
The value of 3 may be obtained from S and an assumed 
m 
value of r by means of equation 33 as 
m 
9 = cos ^ (1 - (34) 
 ^ m^ 
Substituting 9^  of equation 34 in equation 32 gives 
V <35) 
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Brief description of the Method of Slices 
To apply the Method of Slices, the soil above the trial 
surface of failure is divided into vertical slices of equal 
width. Figure 15 shows two of such slices. The weight of 
each slice is computed by multiplying the volume of the slice 
by the unit weight of the soil. Usually, thickness of the 
gully cross section perpendicular to the paper is taken as 
unity. In other words, the problem is solved in two dimen­
sions and we shall only need to calculate the area of each 
slice to get the volume. 
To get the area of a slice we proceed as follows. We 
differentiate equation 32 with respect to 9 and find 
dx'/d9 = r(l - cox 9) (36) 
Equation 36, when rearranged, and when Ax* and A9 are put 
for dx' and d9, becomes 
= r(l -""œs 9) "7) 
For the first slice, the generating circle has to be rolled 
against the positive x' direction from (x'^ , S) through an 
angle A9^  as 
"'l = rjl ^ cos a J "8) 
In equation 38 the subscript 1 on A9 refers to the first 
slice. We do not use a subscript on Ax* because the value 
of AX' will be kept constant for all slices. 
Differentiating equation 33 with respect to 0 gives 
Figure 16. Cross section of a gully showing a trial failure surface and two 
slices 
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dy* = r sin 9 d9 (39) 
which for the first slice becomes 
A Y ' 2 .  ~  ~(sin 9^ ) A9^  (40) 
Therefore, the coordinates of the bottom of the first slice 
are 
(x* , S) and(x' , y'.) where 
m J. X 
X' = X' = Ax' (41) 1 m 
y'l = y'm - • y'm " = (42) 
X' 
 ^~ number of slices (43) 
Ay'l = r^ s^in 9^ ) A9^  (44) 
and angle of rotation up to this point is 
(45) 
then for the ith slice 
®^i = r (1 -"cos 9. ) (46) 
m 1—1 
AY'i = ®i-i' '^ ®i (47) 
y*i = y'i_i - AY'i (48) 
x'^  = x'^ _^  - Ax'^  (49) 
9^  = 9^ _^  - A9^  (50) 
Equations 46 through 50 are the fundamental equations used to 
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calculate the coordinates of each slice. 
If the soil surface has an angle of slope of a degrees 
then we find the area a^  of the part of the ith slice in the 
triangular region (above AO' in Figure 16), without calculat­
ing the coordinates of the points in each slice, as follows. 
For the first slice 
(a^ )^  = ^  (Ax*)^  tan a (51) 
where 
a = slope of soil surface 
AX* = x'_/N 
ill 
N = total number of slices 
(3^ )2 = area of first slice 
For the second and third slices 
(3^ )2 = ^  (Ax*)^  tan a , (a^ g^ = ^  (Ax')^  tan a (52) 
From equations 51 and 52 we find 
(a^ )^  = (Ax')2 tan a , n = 1, 2, ..., N (53) 
This area a^  is added to the area of each slice below the x' 
axis in Figure 16 to get the total area. If the soil surface 
is flat- there is no component above the x* axiS; because the 
X' axis lies on the soil surface. The area a^  in equation 53 
mathematically goes to zero for a equal to zero. 
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Forces acting on each slice 
Figure 17 is a free body diagram of the ith slice showing 
the forces that act on it. In this figure, F^ . is the actuat­
ing force, is the effective normal stress, and %is the 
resisting force. The bottom edge of the slice, CD, is 
assumed to be a straight line (this is true if we take CD 
very small). Line ÀB is part of the x' axis in Figure 16. 
It is assumed that the forces acting upon sides AD and BC 
of any slice have zero resultant in the direction normal to the 
failure arc CD of that slice (Lambe and Whitman, 1969, p. 364). 
Use of a method of slices that takes full account of side forces 
and fully satisfies equilibrium requires use of a computer 
(see Whitman and Bailey, as cited in Lambe and IVhitman, 1967). 
To calculate the actuating and resisting forces, F^  ^and 
T^ , we may use saturated unit weight of the soil and sub­
merged unit weight of the soil, respectively. For the re­
sisting force F . it may be more convenient to calculate 
effective normal stress from total stress and pore water 
pressure, rather than submerged unit weight (Spangler and 
Handy, 1973, p. 497). 
We have calculated the resisting force by calculation 
and use of the effective normal stress N^ , and we have cal­
culated the actuating force F^ j^  by use of the saturated unit 
weight of the soil. This procedure follows. 
The normal force on CD of Figure 17 is given as (Spangler 
and Handy, 1973, p. 485) 
Figure 17. Forces acting on the ith slice; horizontal forces on sides AD and 
BC are assumed to have zero resultant effect on a direction normal 
to the slip line DC 
W A>Trial Failure Surface 
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NI = COS (54) 
where 
= weight of the ith slice, found by multiplying the 
area of slice by the unit weight of the soil (54a) 
3^  = tan"^  (Ay^ /AX*) (55) 
The actuating force, or the shearing stress, on line CD 
of Figure 17 is given by 
sin 3^  (56) 
The available stabilizing force (or resisting force) per 
unit slice thickness is derived from the shear strength of 
the soil along CD as 
= c& + tan 4) (57) 
where c = cohesion of soil (58) 
A = length of CD = [( x')^ +( y*)^ ]^ ^^  (58a) 
= internal friction angle of the soil 
= N, - U. (59) 
where Ni = total normal stress (equation 54) 
"i 
= pore water pressure force 
where 
"i 
= 
^ ( U i _ i  +  u ^ ) / 2  (60) 
where 
VI  é  t v .  V V .  / *1 i-1 h—i-1 ' •'i-i' i^-l 
and 
"i 
= h(*i ' (62) 
and h^ 
= the hydraulic potential of Figure 2 , where a sub-
subscript h is now used to prevent confusion of 
internal friction angle (p of equation 57, with (&, 
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for hydraulic potential as used before. 
In equation 61 and 62 the hydraulic potential (j)j^  is to 
be obtained from the potential function (equation 3) or from 
the flownets drawn for any particular gully; and y^  or y^ _^  
is the elevation of the ith or (i-l)th point on the failure 
surface with respect to the x axis. In equations 61 and 62, 
we do not use primes on x and y because the x,y coordinates 
are now as in Figure 2. 
Equation for the factor of safety 
To measure the stability of the gully walls against 
collapsing, use is made of a factor called the factor of 
safety. The factor of safety is defined as the summation of 
all the resisting forces on a potentially sliding soil body 
divided by the summation of all the forces on the same soil 
body that cause sliding. The factor of safety is denoted 
(in our work) as F and is given by 
i=n i=n 
E T cL'+ tan ? 2 (N. - U^ ) 
i-1 i=l 
where L' is the length of failure arc, and the rest of the 
parameters have been defined. If the factor of safety is less 
than 1 the slope may fail and if the factor of safety is 
greater than 1 the slope may be stables For design pur­
poses a factor of safety of 2 or 3 has usually been considered 
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for embankment s. 
Equation 63 can be^ put in a simpler form. In equation 
63, N^ , ^ ai* ^ i are functions of gully wall height S as 
is seen by looking at equations 54, 56, and 60 for N., F ., 
and and looking at the definition of L° below equation 63. 
When we look at equation 54 we see that is a function of 
and 3^ , and we know that and will depend on the 
cycloid equation which involves S. Therefore, is a func­
tion of S. Similarly, F . involves W. and g., and hence S. 
In equation 60 we find that U^ , the pore water force on the 
edge DC at the bottom of the slice of Figure 17, is a func­
tion of the pore water pressure u^  which in turn involves 
through equation 61 the hydraulic potential function, which 
in turn involves S (as a boundary condition for getting the 
potential function of equation 3 where S is needed to get the 
N^m^ . With regard to L*, we know that L' must be a function 
of S because S is part of the cycloid geometry associated with 
L, The arc length L' is also a function of one other cycloid 
geometrical parameter say r^ , the radius of the cycloid 
generating wheel. If we look at equations 32 and 33 we see 
that by assuming values for y and r, say S and r^ , we can 
find the angle 9, that is, 9^ . It is also possible to assume 
a value for y* and 9, say S and 9^ , and find r^ . For con­
venience we choose the first choice, i.e., we assume a value 
for S and r to find 9 . 
m m 
In the last paragraph we saw that the functions N^ , F^ ,^ 
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U^ , and L'of equation 63 can all be expressed as functions of 
S and r^ . In equation 63, c and ({> also occur. Therefore, it 
is clear that we may now write the factor of safety F as 
F = f(c, (J), S, r^ ) (63a) 
where we remember that c is the cohesion coefficient of the 
soil, (j) is the internal friction angle of the soil, S is the 
gully wall height and r^  is the radius of the generating 
circle of the cycloid which gives the value for soil 
slip along the arc length L' of the cycloid. 
In equation 63a it should be noted that r^  can be put 
in terms of 9 and x* when S is given. 
mm
With the simplification of equation 63 to the form of 
equation 63a we shall now give some calculations and results 
for the factor of safety. 
Results of aullv wall stability analysis « factor of safety 
The first gully geometry that we have considered has 
dimensions S = 50 ft, H = 90 ft, and L = 100 ft. By use of 
equations 34, and 35, we find and x' as in Table 6. 
m m 
The schematic curves of trial failure surfaces for the r 
m 
values of Table 6 are drawn in Figure 18. 
Using equations 46 - 50, we have fors-ed Table 7 for 
* 
calculation of the areas of slices. In this table, we have 
taken 40 slices. The notation of each column is as follows: 
n = slice number 
A0 = change in angle of rotation, radians, equation 46 
ày* = change in elevation, ft, equation 47 
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Table 6, Maximum angle of rotation 9 before failure and 
distance for a gully ofreight S = 50 ft 
Assumed radius, r^  (ft) 
50 40 35 
9 (radians) TT/2 0,5 SU 0.641n 
m 
X' (ft) 28.54 34.21 38.85 
m 
y'jj = y coordinate of point D in Figure 17, ft 
y'ç = y coordinate of point C in Figure 17, ft 
avg y* = average value of elevation of the bottom of 
slice DC = (y'jj + y*^ , )/2 
x*jj = positive x* distance of point D from origin 0' in 
Figure 17 
x'ç = positive x' distance of point C from origin 0' in 
Figure 17 
Ax' = X'^ 40 = 28,54/40 = 0.7135 ft 
a, = area of each slice below x' axis, and is equal to 
(Ax*) (average y'), ft^  (63b) 
2 a_ = area of each slice above x* axis, ft , equation 53 
™ 2 
a^  = total area of each slice, (a^ )^ + (a^ ), ft (63c) 
Y = 130 pounds per cubic foot (pcf) 
To calculate the shear stress, normal stress, and pore 
water pressure associated with each slice Table 8 is formed. 
In this table we have the values 
X' = x'^ /(number of slices) = 28.54/40 = 0.7135 ft 
g = tan ^ (Ay'/Ax*) 
W = ya^ , where is taken from Table 7, and y is the 
saturated unit weight of the soil and in this 
example y = 130 pounds per cubic foot 
Figure 18. Three failure surfaces corresponding to three different radii 
circles that generate the cycloids 
Soil Surface 
r m" 40 
rm=50 
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Table 7. Calculation® of total areas (a )j^  of soil slices; sloped soil surface, 
tan a = 0.4; S = 50 ft, H = 90 ft 
n A0 AY' y'D y'c avg y ' *^D *'c <®b'n (aa)n (at)n 
1 0.0142 0.713 50.00 49.28 49.64 28.54 27.82 35.42 0.102 35.52 
2 0.0144 0.724 49.28 46.56 48.92 27.82 27.11 34.90 0.305 35.21 
3 0.0146 0.734 48.56 47.82 48.19 27.11 26.39 34.38 0.509 34.89 
b 
40 0.5521 6.887 6.88 0 3.44 0.71 0 2.45 8.04 10.49 
®See equations 63b, 53, 63c, 46-50, with x' = 28.43/40. 
F^or missing rows of the table see Appendix B, 
Table 8. Calculation^  of forces acting on each slice of Table 7 
n 3 w fa N 1 "D "c avg a U 
1 0.785 4617 3265 3265 1.009 0 59.4 29. 7 30.0 
2 0.792 4577 3260 3213 1.016 59.4 118.3 88. 8 90.3 
3 0.799 4536 3252 3162 1.023 118.3 182.7 150. 5 153.9 
b 
40 1.467 1364 1357 140 6.924 560.3 271.3 465. 8 3225 
Total 110769 80542 58.723 38016 
S^ee equations 55 
F^or missing rows 
, 54a, 
of the 
56, 54, 58a, 61 and 
table see Appendix 
62 with 
B. 
Figure 5, 63d, and 53e. 
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Fa = W sin g , shear stress 
N = W cos ^  , normal stress 
a = length of the bottom of each slice, ft 
= pore pressure at point D of slice of Figure 16, 
Ib/ftZ 
UQ = pore pressure at point C of slice of Figure 16, 
lb/ft2 
avg u = arithmetic average of u^  and u^  (63d) 
U = ( (J (average u) _ (63e) 
c = cohesion, lb/ft 
To calculate the pore water pressures u of Table 8 we 
read the potential head of the potential point from Figure 5 
and subtract it from the elevation (with respect to the x 
axis) of the point and then multiply the result by unit weight 
of water (62.4 lb/ft ). We use the total of forces in Table 
8 (see the four numerical values at bottom of Table 8) to 
calculate the factor of safety as 
 ^_ c(58,723) + (80542 - 38016) tan d) _ , 
 ^ ÎÎÔ769 (64) 
If  ^= 3Cr and if the cohesion of soil c is expressed as 
pounds per square foot, then, with different values of 
c as listed below, equation 53 gives the relation of F to c as 
2 
c, psi F c, lb/ft 
0  0 .22  0  
1 0,30 144 
2 0.37 288 
3 0.45 432 
4 0.53 576 
5 0.60 620 
The F factors are all less than one, so the gully bank is 
unstable. These values were plotted as line (c) in Figure 19. 
Figure 19, Graphs of factor of safety versus cohesion for S = 50 ft, r^  ^= 50 ft, 
and 4» = 30° 
s=50ft. (gully wall height) 
r^=50ft. (cycloid parameter) 
0=30® (the soil friction angle) 
Cohesion, psi 
(a) Sloped soil surface without seepage 
(b) Flat soil surface with seepage 
(c) Sloped soil surface with seepage 
œ 
4 5 
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Line (c) is designated as "sloped soil surface with seepage". 
This means that the soil medium is saturated. If the soil 
medium is not saturated (no pore water pressure), then the 
unsaturated unit weight of the soil is used to calculate W, 
N^ , and of Tables 7 and 8; hence, equation 54 changes to 
F - c(58.723) + 80542 (y'/lSO) tan (j) 
110769 (y'/130) 
where y' is the unsaturated unit weight of the soil, and 
there is no pore water pressure force in equation 65, that 
is, the number 38016 in equation 64 becomes zero in equation 
65, If in equation 65 we assume an unsaturated unit weight 
of soil of 100 pounds per cubic foot and angle of friction 4) 
of 30 degrees, then for different cohesion coefficients c as 
listed below, equation 65 gives, as below equation 64, 
c, psi F Cs Ib/ft^  
0 0.42 0 
1 0.52 144 
2 0.62 2SS 
3 0.72 432 
4 0.82 576 
5 0.92 620 
The F factors again are less than one so the gully bank is 
unstable. These values are plotted as line (a) in Figure 19. 
Line (a) is designated as "sloped soil surface without seep­
age" . This means that the soil surface has some slope and 
the soil medium is not saturated and the pore water pressure 
is taken to be zero; (More accurately, the soil has negative 
pore water pressure (suction).) This suction helps to hold 
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the soil particles together and we need less cohesion for 
unsaturated soil than for a saturated soil for every factor 
of safety, as shown in Figure 19. 
Now let us consider a gully with S = 50 ft, H = 50 ft, 
and L = 100 ft» The soil surface is to be flat. As we did 
for the sloped soil surface of Tables 7 and 8, we prepare 
Tables 9 and 10 for the flat soil surface. In Table 9 there 
is no component of area above the x' axis of Figure 17. The 
rest of the parameters are as in Tables 7 and 8. Using the 
results of Table 10 in equation 64 gives 
F = C(58.723) . (70342 - 25485) tan 
If in equation 65a, $ is equal to 30 degrees, then for dif­
ferent values of cohesion c we get different values of F, 
These values of c and F are plotted in Figure 19 as line (b), 
Line (b) is designated as "flat soil surface with seepage*'. 
C ^ 1 ^  ^  ^t Tm » I ' 1 1 O  ^«m ^  1C* 4  ^  ^O .r-v 
WW wC&jr wk • Jk V C&AAV1 & WJk c vv O c 
pared we have done calculations and prepared graphs for sev­
eral other gully situations. The tables of calculations are 
not shown here but the results are shown in Figures 20-24. 
Some of the factors of safety found will be greater than one. 
Now let us look back at equation 65. In this equation 
we can take the unsaturated unit weight of the soil (un­
saturated Y = Y *) as a parameter and calculate the correspond­
ing factor of safety. Figure 25 shows plots of different 
Table 9. Calculation^  of area and weight of soil slices; flat soil surface; 
S = 50 ft, L = 100 ft 
n 0 
1 0.0142 
2 0.0144 
3 0.0146 
.b 
y .  y'D y\ a vg y X • D x\ W 3 
0.713 50.00 49.28 49.64 28.54 27.82 35.42 4604 0.785 
0.724 49.28 48.56 48.92 27.82 27.11 34.90 4538 0.792 
0,734 48.56 47.82 48.19 27.11 26.39 34.38 4470 0.799 
40 0.5521 6.887 6 . 8 8  3.44 0.71 0 2.45 319 1.467 
See footnote of Table 7. 
Vor missing rows of the table see Appendix B. 
Table 10, Calculation^  of forces acting on each slice of Table 9 
n fa N 1 "D "c avg u U 
1 3255 3255 1.009 0 59.4 29.7 30.0 
2 3232 3185 1.016 59.4 118.3 88.8 90.3 
3 
b 
• 
• 
3205 3115 1.023 118.3 182.7 150.5 153.9 
40 317 32 6.924 202.2 0 101.1 700.0 
Total 92478 70342 58.723 25485 
S^ee footnote of Table 7, 
F^or missing rows of the table see Appendix B, 
Figure 20. Graphs of factor of safety versus cohesion for S 
and 4) = 30° 
1.0 
i 
-O" o 
Ch 
0 
Sloped Soil Without Seepage 
•o — — 
Flat Soil With Seepage 
—o — 
Sjop^ Soil With Seepage 
Figure 21. Graphs of factor of safety versus cohesion for S = 30 ft, r = 20 ft, 
and (f) = 30° 
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Figure 22, Graphs of factor of safety versus cohesion for S = 30 ft, 
r^  :: 20 ft, and (f) == 40° 
Factor of Safety 
o 
o 
O 
IT 
CD (/) 
O* 3 
"O CO VJO 
Ul 
66 
Figure 23, Graphs of factor of safety versus cohesion for S = 12,5 ft, 
r := lO ft, and 4* •= 30° 
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Figure 24. Graphs of factor of safety versus cohesion for S = 12.5 ft, 
r^  := 10 ft, and (p ••• 40° 
to 
S=12.5ft. 
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Figure 25, Plot of unsaturated unit weight of soil versus cohesion for differ­
ent factors of safety F, for S = 50 ft, r^  = 50 ft, and 0 = 30 
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factors of safety for different soil cohesion and unsaturated 
Y (= Y')» The dashed line is for the sloped soil surface and 
the solid line is for the flat soil surface. Figure 25 shows 
that less cohesion is needed for a gully of flat soil surface 
than for a gully of sloped soil surface, for every safety 
factor value F, and for every unsaturated y . 
Figures 26 and 27 are similar to Figure 25 but for dif­
ferent gullies. 
Discussion of the Gully Problem 
In order to control growth of a gully we should recog­
nize the factors that cause it and the way they cause it. 
Many researchers have tried to relate gully growth to differ­
ent field parameters. We emphasize that seepage of water to 
the gully wall and the pore water pressure developed by it 
can be a major source of gully enlargement. Other factors 
such as freezing and thawing, tension cracks, soil disper­
sion, and heavy machinery loads can be somewhat effective too. 
Our saturated gully model brings out the importance of the 
seepage on the factor of gully wall safety and associated 
stability or breakdown of the gully. The graphs of Figures 
19-24 all show that gullies with seepage had lower safety 
factors than those without seepage. 
The cohesion factor c enters into the equation of factor 
of safety, equation 53, linearly. Therefore, the graphs of 
Figures 19 to 24 can be extrapolated to greater cohesion 
Figure 26. Plot of unsaturated unit weight of soil versus cohesion for 
different factors of safety F for S = 30 ft, r^  = 20 ft, and 
sloped soil with out seepage 
S= 30 ft. 
r„=20ft. 
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Figure 27, Plot of unsaturated unit weight of soil versus cohesion for differ 
ent factors of safety F, for S = 12.5 ft, r^  = 12.5 ft, and (|) = 30° 
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values insofar as other factors in equation 63 remain inde­
pendent of c. 
To analyze the gully walls for susceptibility to collapse, 
we used the Method of Slices and a cycloidal arc as the 
failure surface. No one yet has proved that a failure surface 
is a part of a cycloid or circle or a parabola etc.; it is 
just an assumption. However, if the arcs of failure are not 
too long, any one of these curves can approximate the failure 
surface. 
Some of the gully heights considered for analysis might 
seem high as compared with heights that exist in some Iowa 
fields. But data from Gibbs et al. and Tumbull, as cited 
in Lohnes and Handy (1968) show that nearly vertical slopes 
can be stable in Kansas and Nebraska loesses, in gullies 50 
to 80 feet high with cohesions of 5 to 10 psi and internal 
friction angles of 31° and 33°. Our Figure 19 shows that 
cohesion values greater than 5 psi are needed for a gully 
wall of height 50 ft and friction angle of 30°, in agreement 
vith Gibbs and Turnbull. 
For some Iowa loess soils the cohesion ranges from 0.4 
to 3.0 psi and 4) from 15.2° to 32.0° (Lohnes and Handy, 
1968). Some of the gullies in the Iowa loess region range 
from 10 to 30 feet high. So, our analysis for S = 30 ft and 
S = 12 o 5 ft should be applicable to gully collapse in the 
soils of Lohnes and Handy (1968). 
It might seem that the slip plane (cycloidal failure 
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surface) would lie approximately along a streamline. But, 
the cycloidal failure surface (compare Figures 5 and 18) 
depart quite widely from the streamline ip = 0 that passes 
through the toe of the gully. To explain this let us look at 
Figures 5 and 18. In Figure 18, the failure surface with r^  = 
50 ft is approximately located between streamlines ^  = 0.3 
and ip = 0.2 of Figure 5. None of the streamlines between 
 ^= 0.3 and  ^= 0,2 passes through the toe of the gully in 
Figure 5. It may be that the soil mass above the failure 
surface moves down along a streamline initially and exerts a 
pressure on the lower section of the gully wall and pushes the 
bank section out. This process would give the shape of the 
failure as a curve that passes through the toe of the gully. 
Perhaps an exact determination of the shape of the failure 
surface can be made by assuming, along with other assumptions, 
that the curve be one that causes the least loss in potential 
snsrgi'' of the nhole soil body as the soil above this curve 
moves out from the gully wall. 
There have been some gully control measures like diking, 
filling up small gullies and installing tile drain beneath 
the waterway made by this filling up, making concrete barrier 
structures, etc. Our work shows that a reduction in pore 
water pressure could help control gully collapse and we be­
lieve that the pore water pressure could be reduced by tile 
drainage. The tile drain could be placed at a certain depth 
not too far away from the gully wall. More study on this 
Ill 
subject is needed. The problems of this way of gully control 
would need to be studied experimentally. 
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MINELAND SEEPAGE 
Description of Seepage Problem 
Rehabilitation of mineland spoils to productive agricul­
tural land has been successful in southern Iowa. Corn, soy­
beans, and some other vegetative covers have been grown suc­
cessfully, after land leveling and fertilizing the soil (Iowa 
Coal Project, 1977). But there are some places, as near the 
Hull Site in Iowa (Figure 28), where seepage water with high 
acidity comes to the surface of the soil, on the slopes, and 
kills the vegetation. Figure 28 shows that there is no 
vegetation where springs of seepage water are emerging in the 
middle of the figure. On a contour map basis, the site of 
Figure 28 is located east of contour 90 in Figure 29. Figure 
30 is a section of the Hull Site Area before land leveling. 
Figure 30 is a bigger map of the area after land leveling. 
Again, in Figure 30 the seepy area is located east of contour 
90. Figure 31 shows the geological formation of the area. 
Some persons who have seen the Hull Site area think that 
there are two sources of water for the seepage area; 
(l) seepage of rainfall from the soil above the seepy area, 
and (2) a pond which is located in the right side of Figure 
30, which has a pH of less than 3.8. They also think that 
there is an old mine shaft in the spoil material that 
brings water from the pond to the seepy area. On the basis 
of the above thoughts and Figures 28 and 30, we drew a sketch 
Figure 28, Acid water seepage at the Hull Site, Western lowaj the picture shows 
that there is no vegetation in the seep area; this picture was made 
from a slide given to us by Dr. Frank Schaller of the Department of 
Agronomy, Iowa State University, Ames, Iowa 
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Figure 29. Portion of a map of the Hull Site before land grading; the seepy 
is located on the east side of contour 90; this map is taken from 
Sendlein (1969) 
9IT 
Figure 30. Map of the Hull Site showing the pond; the seepy 
area is located east of contour 90; the pond on 
the right side of the map has a pH of less than 
3.8; from Sendlein (1969) 

Figure 31. À composite geological section of the Hull Site; 
from Sendlein (1969) 
120 
C o n p o s i T S  C i e o i ^ o c f t c .  S c c r / o A j  
i: ! , ,, 
ilxllili'liiJill 
Spoil ^ p P- - Bc/xc < ^ 
H&T € %0 6GA)(= <3U & , P -£ 0-(J>o' 
So. (_ , COtccy), f^R-owN ^  pM S.& 
Lot-iS CWl^COnSi liu^FF P H (^.4 
TI L<_ C ^ 
5 H A. uG. C VLVAMI<\kiJ ^ U P Pj 
WS A T>a G ÎI £ D , -p H 3 & -4.2. , 
SA.M D S.T-o'O G <LS"AJS&-S 
/- Z_ 
o  -  /  o  
o -  i  
3 - 4- ' 
CT. 
.£ V. PÊMM S UA Ml AM ) 5 F^CA-CfcT-
r^ AVï-.< OtîcL/xy , MU fv\e.Ci.ou S T^ Y&ITZT 
COMc-.at:T-lO'<^ S ; ^>^ V><cG. C.ÉS"AjSe£ 
O'ë-
U>o (T T)H < 3.& 
S<c^ce -  / • •  ^  S '  
121 
of the problem area as in Figure 32, part a. This figure 
indicates seepage from two sources, a pond source and a uni­
form vertical recharge source (indicated by arrows). Figure 
32, part b, corresponds to part a, with proposed drain loca­
tions. In analyzing seepage we shall not consider seepage 
from pond source and from vertical recharge source simul­
taneously. Figure 32, part b, when the pond is removed,can 
serve for the vertical recharge problem. 
Control of the Seepage Problem by Tile Drains 
To control the seepage of acid water we think that in­
stalling tile drains is a practical thing to do. So we have 
to choose the right place for these drains, and two possible 
"right" places are assumed to be those indicated in Figure 
32b. We analyze the problem for each drain position 
separately. 
We will analyze two conditions; (l) the effect of the 
recharge indicated by the vertical arrows in part a of Figure 
32 is negligible, with the pond providing all the seepage 
water, and (2) the effect of the pond is negligible with the 
vertical recharge supplying all the seepage water. For the 
two situations just mentioned, we analyze the seepage, by 
the determination of flownets for (a) a drain tube half-
embedded in the impervious layer and (b) a drain tube above 
the impervious layer. Steady state conditions will be 
assumed. Use of half-embedment of the drain tube helps in the 
Figure 32. Schematic sketches of the seepy area of the Hull site; (a) flow 
section based on contour map with pond of Figure 30; (b) the bottom 
part of (a) showing locations of two possible tile drains to inter­
cept acid seep 
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analysis. À drain tube lying on the layer rather than in the 
layer would be the situation in practice. Warrick and Kirkham 
(1968) have shown that changing the radius r of a half-
embedded drain tube to a radius (2/iT)r and placing the latter 
(smaller) drain on the impervious layer gives the same drain­
age as does the drain of radius r that is half-embedded. 
Mathematical Analysis of Seepage Problem 
Tile drain half-embedded in the impervious laver. pond 
situation 
Flow model and potential function Following Kirkham 
and Van der Ploeg (1974) and Najmaii (1974) we shall first 
consider a tile drain half-embedded in the impervious layer 
as in Figure 33. A system of polar coordinates r and 0, with 
origin 0 at the tile drain center, is used to solve the prob­
lem. The circled numbers in Figure 33 are for boundary con­
ditions. The tile drain is assumed to run full with zero 
back pressure. The reference level for the hydraulic head 
is assumed to be the level of the top of the drain. The 
dashed line in the lower section of Figure 33 is the image 
of the real soil with respect to the impervious layer. Use 
of the image region simplifies the solution. The soil medium 
is assumed to be homogeneous and water saturated. As in 
Figure 32b, a pond is assumed to exist on the left side of 
Figure 33. 
The assumed boundary conditions (circled numbers in 
Figure 33. Geometry and boundary conditions of the flow model when the drain is 
half-embedded in the impervious layer; the dashed line is the image of 
the real flow section; the left end of dimension line Lg is vertically 
below point C 
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Figure 33) may next be given. Symbol n in the boundary con­
dition equations denotes distance, measured normally outward 
from a boundary surface; the symbols x,y are for a standard 
cartesian coordinate system super imposed on the r, 9 system. 
B.C.I 
B.C.2 
B.C.3 
B.C.4 
B.C.5 
B.C.6 
Boundary condition 1 says that, with the tile drain in place 
to intercept the acid seepage, there is no flow out from or 
into the flow medium. We chose this condition because we 
want no seepage water going out of the medium to k: 11 the 
plants. Actually we shall snow that a physical "barrier" is 
not needed so that plants can be grown where the "barrier" 
is (line DC). The condition assumes that the soil is 
water-saturated to the left of line DC and that the soil 
along DC is under tension because otherwise water would flow 
out. Boundary condition 2 states that there is no contribu­
tion of seepage from above, and water seeps into the flow 
medium only from the pond. Boundary condition 2 also says 
&&/Sn =0 , 
â(j)/ôn =0 , 
*/H = 1 , 
ô(|)/ôy =0 , 
(j) = 0 , 
ô(j)/ôy =0 , 
0 3 9 5 9^  
where 9^  = angle DOC 
s 0 S 02 
where ^ 2 ~ angle DOB 
Q 2 -  ^ 
9 = TT 
0 5 9 S IT 
9 = 0 
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that there is a water-saturated capillary fringe up to the 
level of the line BC, Thus, not only along CD, but also 
along BC, will the water be under tension. Strictly speaking, 
the line BCD will be curvilinear not rectilinear and the exact 
curvilinear surface will be a free surface rather than a 
surface under tension or pressure. For additional discussion 
of boundary conditions 1 and 2, see Najmaii (1974) who used 
the assumptions in some dam seepage problems. Boundary condi­
tions 4, 5, and 6 need no discussion as they may be considered 
exact. 
An expression for hydraulic head has been found in polar 
coordinates by Kirkham and Van der Ploeg (1974). Their ex­
pression is useful in our case. Equation 190 of Kirkham and 
Van der Ploeg (1974), after a change of the notations to 
ours is 
• / / \ IN / Z. / \ Itl 
where * = potential head (above the reference level) 
H = height of the pond water level above the refer­
ence level 
a = radius of the tile drain 
r = radial distance from center of the drain 
g = greatest distance from the center of the tile 
drain to any point on the boundaries 
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Equation 56 satisfies B.C.'s 4, 5, and 6 exactly for every 
set of So, a set of has to be found to satisfy 
the rest of the boundary conditions. 
To check boundary condition 1 we proceed as follows. 
First of all, it may be found that the equation of boundary 
condition 1 in polar coordinates is (by inspection of Figure 
33) 
r sin 9 + (r cos 9) tan a = tan a (67) 
where r is the distance of a boundary point on CD from center 
of the tile drain (Figure 33); 6 is the angle of r and OD, and 
a is the magnitude of the angle CDO. With tan a = s equation 
67 can be written as 
r (sin 9 + s cos 9) - sL^  = 0 (68) 
or if we designate the left side of this equation as the 
function A, the equation becomes 
A = r (sin S 4- s cos 9) - sL^  (69) 
Next we write è^ /Bn as (see Van der Ploeg, 1972) 
a$/an = V^ .n, where n is distance (dimensions of length) in 
the direction of the gradient and n is a unit normal dimen-
sionless vector, or as 
MM 1 ài 1 M 
à± _ ôr_àr r 89 r $9 
- n. n. ' ' 
where n* is given by n' = [(T~)^  + ("" TT)^ ]'^  and it is OL i O y 
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dimensionless because ôA/àr and (l/r)(ôÀ/ô9) are dimension-
less by equation 59. After setting the right side of equa­
tion 70 to zero and removing the factor n* equation 70 
becomes 
ôr àr r à0 00  ^ ' 
where the right side of equation 71 is dimensionless. It is 
convenient to change equation 71 slightly. If we divide both 
sides of equation 71 by H, equation 71 still holds. So 
lâllA + llâiliLA (72) 
H àr âr H r ô6 r o6  ^
In equation 72 we need ^  (= > H 7 il r 
and % -fx • We now find these four quantities. O L  j. GO 
Differentiating equation 66 with respect to r gives 
ôlMil = . 1 
ôr NO r In (g/a) 
and differentiating equation 55 with respect to 8 gives 
in^X g ^ s 9 O Q 
In equation 68 differentiation with respect to r gives 
ôA/ôr = sin 8 + s sin 0 (75) 
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and differentiating equation 68 with respect to 8 gives 
= cos 9 - s sin 9 (76) 
Now putting equations 73, 74, 75, and 76 into equation 72 
gives, if for the moment we use the abbreviations 
P = sin 9 + s cos 0 
Q = cos 9 - s sin 9 
the result 
" • "s. nte • ; • '?r,:4;'y' -
. Q ( -  2  .  B  ( 7 7 )  
1 - (aW)" 
Rearranging equation 77 gives 
n = A sin 9 + s cos 9 
wO r ln(g/a) 
. y A rm(sin 9 + s:cos 9) , ( r/a)^ V(aVar)"^ x 
COS m9 - M cos 9 - ssin 9j /.Cr/q)"'-(aVqr^ )^ v 
1 - (aW)" 
sin m9] (78) 
The checking of the potential equation 66 for boundary 
condition 2 is done the same way as was done for B.C.I. 
A function B is defined by 
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B = r sin 0 - h , 9^  3 0 < 9% (79) 
where rsin 9 - h = 0 is the equation of the lines connecting 
the drain center to every point on boundary 2. Differentia­
tion of equation 79 with respect to r and 9 gives 
ôB/ôr = sin 0 (80) 
 ^H = cos 9 (81) 
Use of equations 73, 74, 80 and 81 with equation 72, with 
B for A, after rearrangement of some terms, gives 
• • V. rSffe • -
m cos 9 f(r/a)^  - (a /ar)^  
2/_2\m ) sin m9 (82) 
1 -
Now we shall find a set of that satisfies equations 
78 and 82 and boundary condition 3 simultaneously. To do 
this, we use the principle of PKS method (see below equation 
2). We write a function f(0) as 
0 0 < 9 s 9^  
f(0) = 0 < 0 s 02 (83) 
1 02 S 0 < n 
and a set of u (0) as 
m 
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and 
ln(g/aT ^  0 S 9 < 9^  
= fLL/a) 9, ^ 9 9^  (84) 
2^ - « - -
m(sin 9 t s cos 0) L(r/g)"^ +(a®/gr)"*] 
cos m9 
r[l-(aW)"^ ] 
mlcos 8-s sin9)[(r/g)^ -(a^ /gr)^ ] 
= sin in9, OS9:£6„ 
r[l - UW)"]  ^
m sin 9 [ (r/g)^ +(a^ /gr)'''] 
u (9) = =^—=—T— COS m9 
r[l-(aW)'°] 
m cos 9 [(r/g)"" - (a^ /gr)^ ] 
— sin m9 9^  s 9 < 9_ 
r [x- ( a ,W)'°] ^ ^ 
(r/g)" 4- (aVgr)"" 
—= COS in9 9~ < 9 s TT 
i - (aVs^ )"" 2 
(85) 
In equations 84 and 85 the first two parts of the right 
side have, through the factor l/r, dimension of L ^  whereas 
the third part is dimensionless. To make the first two parts 
dimensionless we may multiply them through by an unshown 
unit length r. Then equation 83 in its corresponding first 
two parts (each equal zero) may be also considered as multi­
plied through by a unit length. This multiplication makes 
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all three parts of equations 83, 84, and 85 dimensionless and 
in developing the the question does not arise as to 
mixed units in f(9) and u^(9) of equations 83-85. The values 
of r in each 9 range can be found from the following 
equations 
- sin 9 Ts cos 9 0 s 9 s 9^ (86) 
r = h/sin 9 8^ ^  9 5 (87) 
and 
r = -L^/cos 9 &2 — ® ^ (88) 
g = (h^ + (89) 
And finally equations 83, 84, and 85 can be combined together 
and written as 
i  V») (90)  
in— u ^ 1 g 2 ^ # # # 
We applied the PKS method, as explained before, to get a set 
of Ajj^ and to approximate the function f(9) of equation 90. 
A FORTRAN computer program was written which is shown in 
Appendix C. 
Stream function and flow net Equation 191 of Van der 
Ploeg (1972) is used as a stream function for our flow model: 
H = 'SJO 'T- (iw)» 
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and a flow net is drawn using equations 66 and 91. 
Results for the nond situation The result of one 
flow model when = 4 ft, = 26 ft, H = 7.5 ft, a = 0,5 ft, 
and s = 1.25 is shown in Figure 34. The approximation of 
f(0) is drawn for N = 0, 8, and 15. The circled points which 
are the approximation f^X8) of f(9) show a good fit when 
N = 16. The Normalized Bessel's Checks (NBC) for the values 
N = 0, 8, 16 are 0.9477, 0.9997, and 0,9998, respectively. 
The associated with N = 16 are used in the potential and 
stream functions when a flownet is programmed. Figure 35 is 
a flownet for this geometry. This flownet shows that no 
water is leaving the medium from the sloped section as was 
set up in the boundary condition 1. In Figure 35 three 
piezometers are shown. The two piezometers at points "a" 
and "b" show that the water is under tension. This means that 
seepage water is not going to leak out of the soil medium 
even if there is no barrier and the soil ^ ill support a vater 
saturated fringe. The piezometer at point "c" shows a posi­
tive pressure, so, there would be very small outflow of 
seepage at this corner of the soil if the "barrier" of 
boundary condition 1 in Figure 35 were removed. The piezome­
ters show that the flownet of our model quite closely approxi­
mates the real flow system for homogeneous medium. 
The way we drew these piezometric heights is like this. 
We know the total head at say a point "a" of Figure 35. We 
subtract the elevation of point "a", with respect to the 
Figure 34. Graphs of f(0) and f^(8) (as circles) versus angle 6 for N = 0, 8, 
and 16; the Roman numerals I, II, and III indicate the angle ranges 
associated with boundary conditions 1, 2, and 3, respectively; the 
figure at the upper right indicates the flow geometry 
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Figure 35. The approximate filownet for seepage from the pond when the drain 
is half-embedded in the impervious layer; the dimensions are = 
4 ft, L2 = 26 ft, H = 7,5 ft, and a = 0.5 ft; the equipotentials 
and stream lines are normalized 
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reference level, from the potential head to get the pressure 
head. The value of the total head is the level that water 
stands in the piezometer, level a'. The pressure head is 
negative for point "a", the absolute value being the differ­
ence in level between points "a" and "a"'. 
Tile drain haIf-embedded in the impervious laver. steady 
rainfall situation 
Boundary conditions In Figure 33, if we assume that 
there is no pond on the left side and the seepage water comes 
only from steady recharge above the line BC; then, boundary 
conditions 2 and 3 will change to 
B.C.2 a4/an = R/K 8^ < 9 < 02 (92) 
where 9^ = angle DOC, 92 - angle DOB 
B.C.3 a*/an =0 02 3 9 < m (93) 
and the rest of the boundary conditions stay the same. We 
solve for àcî)/àn of boundary bonditions 1, 2, and 3 as we did 
* ^ ^ ^ ^ J A.WAJ. / C&IHWT O-*-CIJ-' 
method of Kirkham and Powers (1972), we get the u^(9). With­
out going through the details, the resultant equations are 
ln(g%T^" 0 s 0 < 9^ 
"o(9) = fwq/a) *1 S 9 S *2 (94) 
for the previous case, applying équation cina
r ln(g/a) 
cos 9 
r ln(g/a) 2 8_ < 0 < n 
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(9) = 
m(sin 9 + s cos 9)[(r/g)^ + (a^/gr)^] 
: —— cos m 0 
r[l - (aZ/gZ)^ ] 
. m(cos 9 - s sin 9)[(r/g)^ - (a^/gr^)^] 
:[l - (aW)"'] 
m sin 0 [(r/g)^ + (a^/gr)^] 
z—r cos m 9 
z /_£. \m-r[l - (a'/g^ )*] 
r[l - (af/gZ)*] 
m cos 9 [(r/g)^ + (a^/gr)^] 
=—r— cos m 9 
.2 /_2\m-
r[l - (a/Zg^ )*] 
m sin 9 [(r/g)*" - (a^/gr)"*] 
r[l - (aW)""] 
sin m 9 
0 < 9 5 9^ 
m cos 0[(r/g)^ - (a^/gr)"* (^5) 
sin m 0 
9^ S 9 < 92 
sin m 9 
92 S 9 < TT 
0 0 S 9 5 9^ 
f(9) R/K < 9 < 9^ (96) 
0 02 5 9 < n 
The corresponding to the u^(9 ) of equations 94 and 
95 will have the dimensions of length. 
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Results for the steady rainfall situation Figure 36 
shows the result of approximations of f(9) for N = 0, 10, 
and 20. The Normalized Bessel Check (NBC) for N = 0, 10, 
and 20 are 0.039, 0,989, and 0.992, respectively. The of 
approximation N = 20 is considered sufficiently good 
to be used in the potential and stream functions for con­
struction of the flownet. 
Figure 37 shows a flownet when = 4 ft, = 26 ft, 
a = 0.5 ft, S = 1,25, H = 7,5, and R/K = 0.2. The two 
piezometers at "a" and "b" show that water stands at a* and 
b' level. The dashed line shows the position of the water 
table. The piezometer with end at point "a" shows tension. 
Points in the porous medium above the dashed line are under 
tension. The model thus assumes that there is a water-
saturated capillary fringe region above the dashed line. In 
other words the soil must be sufficiently fine to support the 
fringe. In reality, the soil will be partially unsaturated 
and the capillary conductivity will be less than the hydraulic 
conductivity. Below the dashed line the water is under posi­
tive pressure and there is a region along the right face of 
the model where if the impervious "barrier" (â^i/ôn = 0 of 
B.C.l) were removed there would be outflow. The streamlines 
pattern show that less than 2/10 of the total water is in­
volved in that part of the flow region and the flownet brings 
out the approximate flow situation of reality. Where the 
Figure 36. Graph of f(0) and f^^G) (as circles) versus angle 9 for N = 0, 10, and 
20} the corresponding NBC's are 0.0397, 0.989, and 0,9927, respec­
tively} the figure at the upper right indicates the flow geometry 
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Figure 37. The approximate flownet for seepage to a tile drain when the recharge 
is from steady recharge; the dashed line shows the position of the 
water table; the two piezometers show that water level stands up to a' 
and b' level; the dimensions are the same as in Figure 35; the recharge 
R to conductivity K ratio R/K = 0,2 
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dashed line is above the top of the model the approximate 
shape of the water table is given by this line. Strictly in 
the model there are the "metal membranes" of Kirkham and 
Powers (1972, p. 113). 
Tile drain above the impervious laver. pond situation 
Flow model and potential function Figure 38 shows the 
geometry of a flow model, for controlling the acid seepage, 
when the tile drain is installed above the impervious layer. 
Again, as in Figure 33, lines CE, CB, and AE are assumed to 
be impervious and a pond exists on the left side. A system 
of polar coordinates r, 9 are shown with the origin 0 being 
the center of the drain. The angle 9 is measured counter­
clockwise from line OD, 
Boundary conditions (circled numbers in Figure 38) are: 
B.C.I a4/Sn = 0, (along DC) h
 
<
d VI <3> VI o
 
B.C.2 = 0; (along CB) e. s s < 02 
B.C.3 4)/h = 1, (along BA) *2 S * S 83 
B.C.4 Ô (})/ôn = 0, (along AE) *3 3 * 3 *4 
B.C.5 Ô (j)/ôn = 0, (along ED) 9^ < 0 < 2n 
B.C.6 é = 0,  (on drain) 0 ^  9 < 2t t  ,  
With the above boundary conditions in mind we use equation 188 
of Kirkham and Van der Ploeg (1974), since it seems that this 
equation, with the constants A^^ having values different from 
theirs, fits our flow model. After changing some of its 
Figure 38. Flow model when the drain is above the impervious layer and a pond 
is at the left 
Impervious Shale 
m* I tg-
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notations to ours, it becomes 
i _ In (y/a) ^  g ^ (r/g)*"^^ - (aVgr)"^^ g 
h 'StO m (g/a)  ^ '=°= 2 
ÏÏ (r/g)'"'-^ l'/2 (aVgr)<'°'^ l)/2 . . 
1  -  ( a W ) ^  
(97) 
where all the parameters have been defined before. This 
equation satisfies boundary condition 6 for every set of 
We have to find a set of that satisfies other boundary 
conditions simultaneously. To do so, we proceed, as in the 
case when we had the tile drain half embedded in the im­
pervious layer, to find a#/an of boundary conditions 1, 2, 
4, and 5, 
With s defined as s = tan (angle AEC), and e, as e = 
OC, the equation for the boundary segment DC is given by 
y = s(e/s - x) (98) 
putting y = r sin 9 and x = r cos 9 in equation 98 gives 
r sin 9 = s(e/s - r cos 9) (99) 
or 
r(sin 9 + s cos 9) - e = 0 ,0s9£9^ 
or denoting the left side of above equation as function A, 
then 
A = r(sin 9 + s cos 9) - e (100) 
Differentiating equation 100 with respect to r and 9 gives 
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= sin 0 + s cos 8 (lOl) O T 
— = cos 6 - s sin Q (102) 
r Ô9 
Differentiating equation 97 with respect to r gives 
5 {(t>/hl _ L_——_ 
ôr wO r ln(g/a) 
n.=l,3>2r L , . (^2/g2j(..l)/2 3 
sin ^  9 (103) 
and differentiating equation 97 with respect to 9 gives 
1 a(6/h) _ 
^ > o 
N 
£ 
m=2,4, "Mm 
m r(r/g)*/2-(a2/gr)*/2^  
1 - (aVg") 2.a/2 
sin ^  0 
2r L  ^_ j^ 2/g2)(rn^ l)/2 J 
cos 9 (104) 
Equations 101, 102, 103, and 104, with equation 72, 
gives, after rearranging the terms, and setting è^/an equal 
to zero, the expression 
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n - a sin 8 + s cos 9 
NO r ln(g/a) 
+ E A m(sin 8+s cos e)r m 
J2,4>. L ,.(^ 2/g2)n^ 2 J 2 
mtcos 9 - s sin 9)r(r/o)°^ -^(a^ /ar)'°^ -^i . jn . 
2r L ,.(,2/g2, J 
m+l . (m+l)(cos 9 - s sin 9) 
sin 2 ^ 2r 
For boundary conditions 2, 4, and 5 we proceed, as with equa-
tions 98 through 105, to get the ô(J)/ôn. Since the procedure 
is similar we give only the equation of the lines in boundary 
conditions 2, 3, 4, and 5 and the resultant u^(8) 
r = e/sin 9 , 9^ 3 9 < gg (106) 
r = -Lg/cos 9 , ^ ^ ^ 2 (107) 
r = (e-h)/sin 9 , 9^ s 9 5 9^ (108) 
r + ^sin^c^ cos (9-c—IT) - -S-£2S_I. = o, 9^ S 9 5 2TR (109) 
where angle c in equation 109 is the same as angle ODE in 
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Figure 38. 
The resulting u^(0) are 
sin 8 + s cos 9 
r ln(g/a) 0 < 6 Z 9. 
sin 9 
r ln(g/a) 01 s 0 < 02 
9% 3 9 < 9^ (110) 
sin 9 
r ln(g/a) 63 s 9 < 9^ 
sin c + sin 9 cos (9~c—rr) 9^ s 9 5 2n 
P2 r ln(g/a) 
for m = 0, and for m = 1,3,... are 
(sin 9+s cos 9)(m+l)P 
2r Pc 
(cos 9-s sin 9)(in+l)P3 
2r P, cos —rr" 9] m=l,3,.,. 
(sin 9+s cos 0)ir. P-
ïft: 2 [- ^ cos f 9 
(cos 9-s sin 9)m P-, 
2r~P sin ^  ®] m=2,4,.,. 
6 
0 < 9 < 9, 
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(m+l)(sin 0)P. ., (m+l)(cos 0)Pq , 
 ^sin ^  0 + T cos^  0 2r Pc 2 " • 2r P= 2 
m=l,3,... 
m(sin 0)PQ m(cos ô)P^ 
2r P, «S 2 0 2^ sin % 8 ir.=2,4,... 
O D 
u^(9) = ®1 - ® - ®2 
^  s i n 0  ,  m = l , 3 , . . .  
^5 
P7 
— cos 2 0 , m=2,4,... 02 3 0 < 0^ 
(m+l) (sin 9)P, , (m4l)(cos 0)Po 
27-57-^  .in ^  9 . —^ 2 CO. e. 
m—1; 3 ; * # * 
m(sin 0)Po m(cos 0)P_ 
cos -% G - •— sin — Q , m=2,4,... 
zr z zr Z 
02 s 9 £ 84 
(m+l)(P.)rsin c + sin 9 cos (6-c-n)l 
2Hp^T(P7)  ^* 
(m+l) (P, ) (P^) . 
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m(PO)[sin c + sin 9 COS(0-C-TT)] _ 
o in « 
2r(P2)(Pe) 2 * 
m(P^)(P7) _ m 
" 2^ Tp^ T(P^ y sin 2 8 , in=2,4,... 
0^ S e < 2TT (111) 
where: 
2 3 
p, =  ^  ^- s-|] 
*  ' "2>  
P„ = [sin c + sin 9 cos (9-c-N)]^ + —9 COS(C+TT) 
z -' Sin c 
+ (Sin(c^TT))(sin 2 9 + Mn_ii2 i, (113) G1 N O RRIC A OR»O A J 
P? = (r/g)(m+l)/2 - (a2/gr)(m+l)/2 (114) 
P, = (r/g)(*^l)/2 + (a2/gr)(*+l)/2 (115) 
P5 = 1 - (a2/g2)(m+i)/2 (116) 
Pg = 1 - (a^/gZym/Z (117) 
P7 = (r/g)^2 - (a2/gr)m/2 (118) 
Pg = (r/g)^^ + (a2/gr)*/2 (119) 
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The f(9) values are 
0 , 0 < e s 9 
0 
f(9) = 1 
0 
0 
9^ < 9 < 9% 
ej £ 0 s 63 
63 s 9 < 0^ 
0^  s 0 s 2ll 
values of g and r are 
g=[(h-e) + Lp ] 2 . , 
r = 
r = 
r = 
r = 
sin 9 + s cos 8 
sin 9 
~^2 
cos 0 
e - h 
sin 9 
e . i cos 9 
sin t> 
sin c cos ^ .w-c-tt;  
, 0 < 9 3 9, 
, 81 3 8 s 8, 
, 02 S 9 < 0^ 
83 5 9 3 9, 
9^ < 0 < 2n 
(120) 
(121) 
(122) 
(123) 
(124) 
(125) 
(126) 
Stream function and flovnet Based on equation 97 
a stream function has been found by Kirkham and Van der Ploeg 
(1974) which with our notation is 
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h • " w«/.i • "T- dwî^' " ' 
and flownets will be drawn by use of equation 97 and 127 
after the set of have been found. 
Results for the pond situation A FORTRAN computer 
program has been written for this problem and is shown in 
Appendix C. Figure 39 shows graphs of f^(8) and f(0) versus 
9 for N = Of 10, and 20. Taking N = 10 or N = 20 gives 
fj^(9) = f(9) as closely as can be graphed. Figure 40 is a 
flownet when = 6 ft, Lg = 24 ft, a = 0,5 ft, H = 10 ft, 
and S = 1.25. Piezometers show that at point "a" the soil 
water is under tension and at point "b" under pressure. At 
approximately point D the piezcmetric pressure is zero and 
point D is a stagnation point. 
General Discussion of the Hineland Seepage Problem 
Up to this point we have conceived approximate flow 
models (Figure 32) of seepage from a pond or from steady 
recharge through mineland soil to a tile drain, for two lo­
cations of tile drains. One drain location is half in the 
impervious layer, on which the mineland soil is assumed to 
rest (Figure 33), and the other, above the impervious layer 
Figure 39, Graphs of f(0) and f^(8) (as circles) versus angle Q for N = 0 (sheet 
l), and N = 10, 20 (sheet 2)j the Roman numerals indicate the angles 
associated with boundary conditions 1, 2, 3, 4, and 5, respectively, 
of the flow region indicated at the top of sheet (figure at the upper 
right indicates the flow geometry) 
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Figure 40. The approximated flownet of seepage to a tile drain when it is above 
the impervious layer; the dimensions are; L = 6 ft, L. = 24 ft, 
and a = 0.5 ft 
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(Figure 38)» The drains have been conceived to collect acid 
seepage from the mineland soil before the seepage can reach 
the sloped soil surface (Figure 32, line AB) where it would 
be desirable to have vegetation. 
The source of seepage water is either from the soil 
above the spoil material (Figure 32(a)) or, as believed by 
some observers of the Hull Site area, the pond (Figure 30). 
It is reasonable to say that in spring and early fall after 
heavy rainfall the water level in the pond rises, and also, 
some water seeps into the spoil material from above, then 
emerging on the slope. With the theoretical work as seen in 
equations 66-127, it appears that a tile drain can be in­
stalled to control this seepage water. The theory of our 
models is for homogeneous soil. If there are areas of con­
centrated seepage as from an "old mine shaft" that bring 
acid water in small springs to the face of the soil, then 
interceptor drains should be put in these "shafts- in addi­
tion to the drains for collecting the homogeneous soil water 
discharge. 
In solving the seepage problem we assumed that the soil 
is homogeneous. It is hard to say that spoil materials with 
chunks of soil and shale and other materials make a uniform 
textured medium. For this reason, more study of the area in 
regard to the different soil properties would be desirable. 
Rehabilitation of mineland soils is not an easy job, 
especially on the slopes because of the erosion and seepage 
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hazards. Heavy lime application, along with tile drains, 
appears necessary in the first few years to establish a 
vegetative cover. Technology can help restore the mineland 
soils (Figure 41), 
Figure 41. Restoration of disturbed mineland; this is taken from the Iowa 
Coal Project Report,, July 15, 1977, Iowa State University, 
Ames, Iowa 
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SUMMARY AND CONCLUSIONS 
Soil water seepage in a gully bank and in a mineland 
soil embankment are studied» An understanding of the seep­
age flow and the associated groundwater pressure is needed. 
For the gully bank, the groundwater pressures are needed 
to determine the susceptibility of the gully bank to collapse. 
Gully bank collapse is a type of soil erosion. For the mine-
land soil the pressures are needed to determine the outward 
flow of acid seepage. In both the gully and embankment 
problems the use of tile drains is suggested as a way to con­
trol the gully wall pressure and the acid seepage. 
The work is mainly theoretical. The theory and results 
for the gully wall problem may first be summarized. A 
theoretical potential function for seepage flow through the 
soil to a gully wall is developed by using a Modified Gram-
Schmidt technique which has been developed by Powers, Kirkham, 
and Snowden (1967). From the potential function a stream 
function is developed by the use of Cauchy-Riemann type re­
lations. From the potential and stream functions, flownets 
are calculated and presented for different gully geometries. 
The flow model that is considered assumes that the soil is 
homogeneous and saturated. Gully walls are taken vertical. 
The soil surface on the sides of the gully walls can be 
sloped or flat. 
For erosion susceptibility of the gully walls, the 
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ordinary Method of Slices with cycloidal failure surfaces is 
used. Factors of safety for gully walls are calculated when 
they are 50 ft, 30 ft, and 12.5 ft high. The pore water 
pressure, used in calculating the factor of safety, is cal­
culated from the pertinent flownet. Curves of cohesion versus 
factor of safety for different gully-wall heights are pre­
sented. Also, curves of cohesion versus unsaturated unit 
weight of the soil for different factors of safety are drawn 
for each gully height. From these graphs it is concluded that 
the higher the gully wall the greater is the susceptibility to 
failure for unsaturated soil. For saturated soil the sus­
ceptibility is greater than for unsaturated soil. 
We recommend that upland water be controlled so that 
gully banks do not become water saturated with attendant high 
susceptibility to collapse. 
Soil water conservation programs can help to control the 
The theory and results for the mineland seepage may next 
be summarized. For drainage of mineland seeps (the Hull Site 
of western Iowa was considered as a prototype for two seepage 
models) a predetermined potential function by Kirkham and Van 
der Ploeg (1974) with minor changes is applicable to our flow 
models. Flownets are drawn for cases when tile drains are 
above an impervious layer or half-embedded in an impervious 
layer underlying the mineland soil. The flow models show 
that seepage in the embankment can be controlled by tile drains. 
Figure 42. Need for a gully erosion control program; 
this is taken from Crops and Soils Magazine, 
November 1977 
uo iuvjiiajd 
nos jeu; 
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SUGGESTED FUTURE STUDIES 
1. In North Dakota, the Bureau of Reclamation has built 
a project to irrigate 1,007,000 acres of land. Three big 
canals bring water from the reservoir to agricultural farms. 
One of these canals is shown in Figure 43^ , 
In the article "Garrison Diversion Unit" (1950) it is 
stated that the 
McClusky Canal will be cut into glacial deposits, 
mainly plastic clays but with localized gravel and 
sand deposits and a high groundwater level. Slope 
stability is expected with canal bank slopes of 1^  to 
1 in cuts up to 40 feet deep, and 2 to 1 for greater 
depths except for a short reach where the cut approaches 
100 feet and still flatter slopes will be required. 
While the clay banks are draining, some sliding of 
slopes may occur, and this may take several years to 
stabilize. About 45 percent of the first stage canal 
excavation will be wet. Much less wet excavation will 
be found when the canal is enlarged later, because the 
banks will have been well drained by that time. 
Our theoretical work shows that pore water pressures, 
caused by seepage- can be controlled through use of tile 
drains to relieve the pressure behind the canal banks and 
to control canal banks from collapsing, the canal banks can 
also be analyzed for stability as in Taylor (1973) with some 
height of water table behind the canal. The McClusky Canal 
(Figure 43) has had some bank sloughing, as has been indicated. 
The photograph in Figure 43 is a part of an unpublished 
report entitled "Garrison Diversion Report, March 1974." The 
report states that more information on the McClusky Canal may 
, be obtained from Theodore Mann, Project Manager, U.S. Bureau 
of Reclamation, P.O. Box 1017, Bismarck, North Dakota 58501. 
Figure 43. WcClusky Canal in Garrison Diversion Unit, 
North Dakota (from Garrison Diversion Report, 
March 1974, courtesy John F. Timmons, Iowa 
State University ) 
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2. Another problem that might be interesting to work 
on is to write a computer program for the gully wall seepage 
in polar coordinates. If the gully shape is irregular, we 
can still use the polar coordinates to find the potential 
function. Controlling the gully wall seepage by tile drains 
is suggested to be studied. 
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APPENDIX A 
Appendix A has four parts: (l) seepage flow to a gully 
banks polar coordinates; (2) exact equation for seepage to a 
ditch (Kirkham, 1950); (3) slow convergence of the potential 
function; and (4) equations of a cycloid. 
Seepage flow to a aullv bank, polar coordinates; 
In previous pages, we have shown the solution of seepage 
to a gully bank in rectangular coordinates. We can also solve 
the problem in polar coordinates. Figure Al(a) is one flow 
model, essentially the same as Figure 2, except that polar 
coordinates (r,9) are used. The boundary conditions are 
B.C.I ~ =0 (9 = 0, 0 < r s L) 
B.C.2 =0 (0 = TT/2, 0 5 r 5 H) 
B.C.3 <t> = — H jL-t-Tcan u. coTcn o 
(tan"-^ (S/L) < 02 < TT/2) 
B.C.4 (j> = L tan 0 (0 < 9^  < tan~^ (S/L)) 
We have selected a solution of Laplace's equation in 
polar coordinates as 
, N „ 
f = 2 A^ _ (r/L)^ ™ cos 2m^ 0 (A-l) 
m=0,l,2,..? 
which satisfies boundary conditions 1 and 2 for every set of 
N^m* could apply the equation A-l for Figure Al(b) which 
Figure A-1. Two flow models showing gullies with vertical walls 
(a) Diagram of a gully when polar coordinates are used to find the 
potential function, r is the radial distance from the origin and 9 
is the angle that r makes with the positive x axis; (b) is part (a) 
after collapse of the gully wall in the form of line BCDE 
Ml (B) 
1 
/ / / / / / / / / / / / / / / / /VT^^.  
© 
aacijns iiog 
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is for a gully bank collapsed in the form of line BCDE, with 
the only difference being that, in Figure Al(b) we have six 
boundary conditions. To solve for the of equation A-l, 
using the PKS method, we write 
(L/H) tan 0 0 < 63 < tan"^ (S/L) 
f(9) = (À-2) 
tan"^ (S/L) S 9. < TT/2 1 + tan a cotn 9 4 
(r/L)^  ^cos 2m0 0 < 0^  < tan ^ (S/L) 
u^ (9) = (À-3) 
(r/L)^  ^cos 2m9 tan ^ (S/L) < 9^  < n/2 
L sec 9 0 < 9^  < tan ^ (S/L) 
r(9) = (A-4) 
sin 9 ^  tan a cos 9 tan'^ CS/L) < 6^  < „/2 
We can computerize the above equations to get the set of A^ .^ 
But ve have done some calculation by desk calculator to show 
that the problem works. The result of one such calculation is 
shown in Figure A2. In this graph 0^°, 8^  = 80°, 
H = 0.5, S = 0.1763, and L = 1.0. 
Exact equations for seepage to a ditch (Kirkham. 1950): 
4) = d - (8d/Tr^ )E (A-5) 
where 
Figure A2. Plot of f(@) and fjj(e) versus 0 for N = 0 and N = 1 
1.0 
0.8 
0.4 
0 10 20 30 
—— f [ 9 )  
o  f g t # )  
o 
I I J I I I 
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187 
E = (cos (cos ^ )[cosh ^^ "l—^ j/cosh  ^
+ ('|)^ (cos 1^ ) (cos •||^ )[cosh 
+ ('g)^ (cos •|^ )(cos •|^ )[cosh *^ ]/cosh 
+ ..... 
and: 
T|; = (8d P/Tr^ )G 
where 
G = (cos (sin ^ )[sinh ^^ ~^^ ]^/cosh  ^
+ (•|)^ (cos "1^ ) (sin •|^ )[sinh ^^ 2d *^ ]/cosh 
+ ('g)^ (cos •|^ )(sin •|^ )[sinh ^^ 2d *^ ]/cosh 
+ (A-8) 
where: 
d = depth of ditch 
h = water level in the ditch 
S = half spacing of ditches 
Slow convergence of the potential function; 
To show that our function may not converge fast when S 
(gully height) is small compared to other parameters, where a 
Fourier series is used instead of Gram-Schmidt functions, 
we consider the following example. Suppose we want to 
approximate a function by a Fourier sine series, the function 
(A-6) 
(A-7) 
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IS 
1 0 < X £ L/lO 
f(x) = (A-9) 
0 L/lO < X < L 
We write the Fourier sine series as 
f(x) = Z A sin(itmx/L) (&-10) 
in— X ^ ^  f • • • 
where: 
A = ^ S f(x) sin dx 
m L o L 
or 
A = 7 vT (1) sin dx + 7 J* (0) sin dx 
 ^  ^o  ^  ^L/IC  ^
or 
Ajn = - cos ^  ) in=l,2,...,°o (A-11) 
We put in=l,2,...,10 in equation A-11 to calculate the first 
lO A 's and then put these A 's in equation A-10 to find f(x) 
m m 
A^  = —(1 - cos ^  = 0.0311 
1 TT lU 
*2 
= 0, 0608 
3^ 
= 0. 0874 
4^ 
= 0. 1099 
5^ 
= 0. 1273 
= 0. 1389 
7^ 
= 0. 1444 
8^ = 0. 1439 
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Ag = 0.1380 
A^ q = 0.1273 
The values of f(x) for different N are calculated and 
listed in Table Al. Figure A3(a) shows the graph of f(x) 
versus x for N = 1, 4, and 10, We see that even with N = 10 
the approximation does not reach 1.0 on the f(x) axis. 
Now we increase the range of x of equation A-9 in the 
first range as 
1 0 < X < L/2 
f(x) = (A-12) 
0 L/2 < X < L 
The function f(x) is the same as equation A-lO, but A^  are 
A = — (1 - cos (A-13) 
m mrr z 
The A are calculated as before and are used in equation A-lO 
IT. 
to get the f^ .(x). Table A2 shows f^ (x) for N = 1,4, and 10. 
The approximated f^ (x) values versus x are plotted for 
N = 1, 4, and 10 in Figure A3, part (b). We notice that even 
N = 4 approximation crosses the line f(x) = 1. Furthermore, 
N = 10 is a better approximation than N = 10 of part (a) of 
Figure À-3. From Figure A-3 it would appear that for short 
steps in a step function, higher values of N are needed for 
"good" approximation of the function. 
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Table Al. Approximate values f^ Cx) 
and 10 
of f(x) for N = 1, 4, 
X f (x) f^ Cx) f4(x) FIO(x) 
0 1 0 0 0 
0.05 1 0.005 0.066 0.797 
0.1 1 0.009 0.220 0.724 
0.2 0 0.018 0.224 -0.213 
0.3 0 0.025 0.045 0.129 
0.4 0 0.029 -0.091 -0.089 
0.5 0 0.031 -0.056 0.064 
0.6 0 0.029 0.047 —0.046 
0.7 0 0.025 0.059 0.032 
0.8 0 0.018 -0.021 -0.021 
0.9 0 0.009 -0.060 O.OlO 
1.0 0 0 0 0 
Figure A3. Harmonie sine series approximations for two step functions of different 
lengths of steps, with height of steps equal 
(a) f(x) = 1 0 X s L/lO 
f(x) = 0 L/lO S X 5 L 
(b) f(x) = 1 0 :S X s L/2 
f(x) = 0 L/2 5 X 5 L 
1.00 
0.50 
f ( x )  
0 
N " 10 
M \D 
NJ 
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Table A2, Approximate values of f(x) for N = 1, 4, 
and 10 
X f^ tx) f^ tx) f^ Q(x) f(x) 
0 0 0 0 1 
0.1 0.196 0.742 1.166 1 
0.2 0.374 1.181 0.928 1 
0.3 0.515 0.135 1.019 1 
0.4 0.605 0.854 1.042 1 
0.5 0.636 0.424 0.531 1 
0.6 0.605 0.106 -0.109 0 
0.7 0.515 -0.024 0.058 0 
0.8 0.374 -0.029 -0.032 0 
0.9 0.196 -0.005 0.015 0 
1 . 0  0  0  0  0  
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Equations of a cycloid: 
To derive the equations of a cycloid let us look at 
Figure 15, The circle on the right side of this figure is 
rolled along the x'-axis without slipping. Point R describes 
the curve of a cycloid. If the coordinates of point Q are 
(0'P,PQ) then the coordinates of point R are 
X' = O'P - QT , Y = PQ + TR (A-13) 
From the fact that the circle rolls along the x'-axis without 
slipping, we see that distance O'P is equal to arc O'R = r8 
where 9 is the angle that the circle has rolled. Therefore, 
the coordinates of point Q are 
O'P = re , PQ = r (A-14) 
The angle 9 is equal to 
9 = Tr/2 + i (A-15) 
where angle i = angle TQR and in the triangle QTR we have 
QT = r cos i = r sin 9 , TR = r sin i (A-16) 
W A _L 1 IWICL -K.VV ^ WTC* JL V CO 
QT = r sin 9 , TR = r sin (9-n/2)= r cos 9 (A-17) 
Using equations A-17 and A-14 with equation A-13 gives 
X' = r9 - r sin 9 , y* = r - r cos 9 (A-18) 
or 
X' = r(9 - sin 9) , y' = r(l - cos 9) (À-19) 
Equations A-19 are the desired cycloid equations. 
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APPENDIX B 
Table B1. Calculation of total area of soil 
0.4, S = 50 ft, H = 90 ft 
n A0 AY' y # D y 
« 
C Avg y 
1 0. 0142 0. 713 50 .00 49 . 2 8  49. 64 
2 0. 0144 0,124 49 . 2 8  48 .56 4 3 .  92 
3 0. 0146 0.734 4 8  .56 4 7 .82 48. 19 
4 0. 0149 0., 745 47 .82 47 .08 47. 45 
5 0. 0151 0.756 47 .08 46 .32 46. 70 
6 0. 0154 0 . 7 6 8  46 .32 45 .56 45. 94 
7 0. 0156 0 . 7 8 0  45 .50 44 .78 45. 17 
8 0. 0159 0.792 44 .70 43 .93 44. 38 
9 0, 0162 0., 805 43 .98 43 .18 43. 58 
10 0. 0165 0 . 3 1 8  43 . 1 8  42 .36 42. 77 
11 0. 0168 0.832 42 .36 41 .53 41. 34 
12 0. 0171 0,. 846 41 .53 40 .68 41. 11 
13 0, 0175 0 . 8 6 1  40 .68 39 .82 40. 25 
14 0. 0179 0 . 8 7 7  39 .82 3 8 .94 39. 38 
15 0. 0183 0,. 893 38 .94 38 .05 38. 50 
16 0. 0187 0,410 38 .05 37 .14 37. 60 
17 0. 0192 0,928 37 .14 36 .21 36. 68 
18 0. 0196 0.946 36 .21 35 .27 35. 74 
19 0. 0202 0.966 35 .27 34 .30 34. 78 
20 0. 0207 0.987 34 .30 33 .31 33. 81 
21 0. 0213 1.01 33 .31 32 .30 32. 81 
22 0. 0220 1.032 32 .30 31 .27 31. 79 
23 0. 0227 1.056 31 .27 30 .22 30. 74 
24 0. 0235 1.083 30 .22 29 .13 29. 67 
25 0. 0244 1.111 29 .13 2 8  .02 28. 58 
26 0. 0254 1.142 2 8  . 0 2  26 . 88 27. 45 
27 0. 0264 1.175 2 6  .88 25 .71 26. 29 
slices; sloped soil surface, tan a = 
X ' D X' 
28.54 27.82 35.42 0 .10 35.52 
27.82 27.11 34.90 0 .30 35.21 
27.11 26.39 34.38 0 .50 34.89 
26.39 25.68 33.85 0 .71 34.57 
25.68 24.97 33.32 0 .91 34.24 
24.97 24.25 32.78 1 .12 33.90 
24.25 23.54 32.22 1 .32 33.55 
23.54 22.83 31.66 1 .52 33.19 
22.83 22.11 31.09 1 .73 32.82 
22.11 21.40 30.51 1 .93 32.45 
21.40 20.69 29.93 2 .13 32.06 
20.69 19.97 29.33 2 .34 31.67 
19.97 19.25 28.72 2 .54 31.26 
19.26 18.55 28.10 2 .74 30.85 
18.55 17.83 27.47 2 .95 30.4Z 
17.83 17.12 26.82 3 .15 29.98 
17.12 16.41 26.17 3 .36 29.53 
16.41 15.69 25.50 3 .56 29.06 
15.69 14.98 24.82 3 .76 28.58 
14.98 14.27 24.12 3 .97 28.09 
14.27 13.55 23.41 4 .17 27.58 
13.55 12.84 22.68 4 .37 27.06 
12.84 12.12 21.93 4 .58 26.52 
12.12 11.41 21.17 4 .78 25.96 
11.41 10.70 20.39 4 .98 25.38 
10.70 9.98 19.58 5 .19 24.78 
9.98 9.27 18.76 5 .39 24.15 
Table Bl. (Continued) 
A0 . Ay' Y'd y'c ^^9 y 
28  0. 0276 1.211 25 .71 24 .49 25 .10 
29 0. 0290 1.250 24 .49 23 .24 23 .87 
30 0. 0305 1.293 23  .24 21 .95 22 .60 
31 0. 0323 1.341 21 .95 20 .61 21 .28 
32  0. 0344 1.395 20 .61 19 .22 19 .91 
33 0. 3068 1 ,456  19 . 22  17 .76 18 .49 
34 0. 0398 1.527 17 .76 16 .23 17 .00 
35 0. 0436 1.610 16 .23 14 .62 15 .43 
36 0. 0480 1.710 14 . 62  12 .91 13 .77 
37 0, 0542 1,833 12 .91 11 .08 12 .00 
38 0. 0626 1.991 11 .08 9 .09 10 .08 
39 0. 0753 2 .206  9 . 09  6 .88 7 .99 
40 6 .887  6 .38 0 3 .44 
D xV 
9.27 8.56 17.91 5.60 28.51 
8.56 7.34 17.03 5.80 22.83 
7.84 7.13 16.12 6.00 22.13 
7.13 6.42 15.18 6.21 21.39 
6 .42  5.70 14.21 6.41 20.62 
5.70 4.99 13.19 6.61 18. 81 
4.99 4.28 12.12 6 .82  18.95 
4.28 3.56 11.01 7.02 18.03 
3.56 2.35 9.82 7.22 17.05 
2.85 2.14 8.56 7.43 15.99 
2.14 1.42 7.19 7.63 14.83 
1.42 0.71 5.70 7 .83  13.54 
0.71 0 2.45 8.04 10.49 
Table B2. Calculation of forces acting 
n 3 W N 
1 0.785 5617 3265 3265 
2 0.792 4577 3260 3213 
3 0.799 4536 3252 3162 
4 0.807 4494 3245 3108 
5 0.814 4451 3237 3055 
6 0.822 4407 3228 2999 
7 0.829 4361 3218 2943 
8 0.837 4315 3206 2888 
9 0.845 4267 3193 2830 
10 0.853 4218 3179 2773 
11 0.862 4168 3164 2713 
12 0.870 4117 3147 2654 
13 0.878 4064 3129 2593 
14 0.887 4010 3110 2531 
15 0.896 3955 3089 2468 
16 0.905 3897 3067 2405 
17 0.815 3839 3043 2340 
18 0.924 3778 3016 2275 
19 0.934 3716 2989 2208 
20 0.944 3652 2959 2139 
21 0.955 3586 2929 2069 
22 0.965 3512 2893 2000 
23 0.975 3447 2 854 1933 
24 0.988 3375 2818 1856 
25 0.999 3299 2776 1783 
26 1.012 3221 2732 1707 
27 1.025 3140 2684 1630 
on each slice of Table B1 
a 
"D "C Avg u U 
1 .069 0 59.4 29.7 30.0 
1 .016 59.4 118.3 88.8 90.3 
1 .023 118.3 182.7 150.5 153.9 
1 .031 182.7 237.2 209.9 216.4 
1 .039 237.2 287.6 262.4 272.6 
1 .048 287.6 346.9 317.2 332.4 
1 .057 346.9 408.9 377.9 399.4 
1 . 066 408.9 470.2 439.5 468.5 
1 .075 470.2 530.7 500.4 537.9 
1 .085 530.7 580.3 555.5 602.7 
1 .096 580.3 649.2 614.7 673.7 
1 .106 649.2 691.8 670.5 741.5 
1 .118 691.8 713.0 702.4 785.3 
1 .130 713.0 733.1 723.0 817.0 
1 .143 733.1 747.3 740.2 846.0 
1 .156 747.3 764.1 755.7 873.6 
1 .170 764.1 781.1 772.6 903.9 
1 .185 781.1 797.0 789.0 935.0 
1 .201 797.0 811.5 804.2 965.8 
1 .218 811.5 844.0 827.7 1008.0 
1 .236 844.0 839.1 841.5 1040.0 
1 .254 839.1 843.5 841.3 1055.0 
1 .274 843.5 852.9 848.2 1080.0 
1 .297 852.9 852.0 852.4 1105.5 
1 .320 852.0 852.7 852.3 1125.0 
1 .346 852.7 854.5 853.6 1148.9 
1 .374 854.5 861.7 858.1 1179.0 
Table B2. (Continued) 
n (3 W a^ N a 
28 1.038 3056 2633 1551 1.405 
29 1.052 2968 2578 1471 1.439 
30 1.066 2877 2519 1390 1.476 
31 1.031 2781 2455 1306 1.519 
32 1.098 2681 2387 1221 1.567 
33 1.115 2575 2312 1133 1.621 
34  1.133 2463 2231 1042 1.685 
35 1.153 2344 2143 950 1.761 
36  1.175 2217 2046 853 1.853 
37 1.199 2079 1937 754 1.967 
38  1.226 1928 1815 650 2.115 
39 1.257 1760 1674 541 2.318 
40 1.467 1364 1357 140 6.924 
Total 110769 80542 58.723 
Ug Uç, Avg u U 
861. 7 861. 7 861. 7 1210 .7 
861. 7 855. 4 858. 5 1235 .4 
855. 4 838. 8 847. 1 1250 .3 
838. 8 816. 7 827. 7 1257 .3 
816. 7 794. 5 805. 6 1262 .3 
794. 5 771. 8 783. 1 1269 .4 
771. 8 746. 3 759. 0 1278 .9 
746. 3 719. 8 733. 0 1290 . 8  
719. 8 691. 1 705. 4 1307 .1 
691. 1 660. 5 675. 8 1329 .3 
660. 5 615. 5 636. 0 1349 .4 
615. 5 560. 3 5 87. 9 1362 .7 
560. 3 371. 3 465. 8 3225  .0 
38015.0 
Table B3. Calculation of area and weight of 
S = 50 ft, L = 100 ft 
n e  y  y'D y' c  Avg y 
1 0. 0142 0. 713 50.00 49.28 49.64 
2 0. 0144 0. 724 49.28 48.56 48.92 
3 0. 0146 0. 734 48.56 47.82 48.19 
4 0. 0149 0. 745 47.82 47.08 47.45 
5 0. 0151 0. 756 47.08 46.32 46.70 
6 0. 0150 0. 768 46.32 45.56 45.94 
7 0. 0156 0. 780 45.56 44.78 45.17 
8 0. 0159 0. 792 44.78 43.98 44.38 
9 0. 0162 0. 805 43.98 43.18 43.58 
10 0. 0165 0. 818 43.18 42.36 42.77 
11 0. 0168 0. 832 42.36 41.53 41.94 
12 0. 0171 0. 846 41.53 40. 68 41.11 
13 0. 0175 0. 861 40.68 39. 82 40.25 
14 0. 0179 0. 877 39 .82  38.94 39.38 
15 0 .  0183 0. 893 38.94 38.05 38.50 
16 0. 0187 0. 910 38 .05  37.14 37.60 
17 0. 0192 0. 928 37.14 36.21 36.68 
18 0. 0196 0. 946 36.21 35.27 35.74 
19 0. 0202 0. 966 35 .27  34.30 34.78 
20 0. 0207 0. 987 34 .30  33.31 32.81 
21 0. 0213 1. OlO 33.31 32.30 32.81 
22 0. 0220 1 .  032 32 .30  31.27 31.79 
23 0. 0227 1 .  056 31.27 30.22 30.74 
24 0. 0235 1 .  083 30.22 29.13 29.67 
25 0. 0244 1 .  111 29.13 28.02 28.58 
26 0. 0254 1. 142 28.02 26.88 27.45 
soil slices; flat soil surface; 
x'D x'c a we 
28 .54 27 .82 35 .42 4604 0. 785 
27 .82 27 .11 34 .90 4538 0. 792 
27 .11 26 .39 34 .38 4470 0. 799 
26 .39 25 .68 33 .85 4401 0. 807 
25 .68 24 .97 33 .32 4332 0. 814 
24 .97 24 .25 32 .78 4261 0. 822 
24 .25 23 .54 32 .22 4189 0. 829 
23 .54 22 .83 31 . 66 4116 0. 837 
22 .83 22 .11 31 .09 4042 0. 845 
22 .11 21 .40 30 .51 3967 0. 853 
21 .40 20 .69 29 .93 3890 0. 861 
20 .69 19 .97 29 .33 3813 0. 870 
19 .37 19 .26 28 .72 3733 0. 878 
19 .26 18 .55 28 .10 3653 0. 887 
18 .55 17 .83 27 .47 3571 0. 896 
17 .83 17 .12 26 .82 3487 0. 905 
17 .12 16 .41 26 .17 3402 0. 915 
16 .41 15 .69 25 .50 3315 0. 924 
15 .69 14 .98 24 .82 3226 0. 934 
14 .98 14 .27 24 .12 3136 0. 944 
14 .27 13 .55 23 .41 3043 0. 955 
13 .55 12 .84 22 .68 2948 0. 965 
12 .84 12 .12 21 .93 2852 0. 975 
12 .12 11 .41 21 .17 2752 0. 988 
11 .41 10 .70 20 .39 2651 0. 999 
10 .70 9 .98 19 .58 2546 1. 012 
Table B3. (Continued) 
n 0 y  y'D y  t  C Avg y 
27 0. 0264 1 .175 26.88 25 .71 26.29 
28 0. 0276 1 .211 25.71 24 .48 25.10 
29 0. 0290 1 .250 24.49 23 .24 23.87 
30 0. 0305 1 .293 23.24 21 .95 22.60 
31 0. 0323 1 .341 21.95 20 .61 21.28 
32 0. 0344 1 .395 20.61 19 .22 19.91 
33 0. 0368 1. 456 19.22 17 .76 18.49 
34 0. 0398 1 .527 17.76 16 .23 17.00 
35 0. 0435 1 .610 16.23 14 .62 15.43 
36 0. 0481 1 .710 14.62 12 .91 13.77 
37 0. 0452 1 .833 12.91 11 .08 12.00 
38 0. 0626 1 .991 11.08 9 .09 10.08 
39 0. 0753 2 .206 9.09 6 .88 7.99 
40 6 .887 6.88 0 3.44 
x'D *'c a W 
9.98 9.27 18.76 2439 1 .025 
9.27 8.56 17.91 2328 1 .038 
8.56 7.84 17.03 2214 1 .052 
7. 84 7.13 16.12 2096 1 .066 
7.13 6.42 15.18 1974 1 .081 
6.42 5.70 14.21 1847 1 .098 
5.70 4.99 13.19 1715 1 .115 
4.99 4.28 12.12 1576 1 .133 
4.28 3.56 11.01 1431 1 .153 
3.56 2.85 9.82 1277 1 .175 
2.85 2.14 8.56 1113 1 .199 
2.14 1.42 7.19 935 1 .226 
1.42 0.71 5.70 741 1 .257 
0.71 0 2.45 319 1 .467 
ï B4. 
3255 
3232 
3205 
3178 
3150 
3122 
3091 
3058 
3025 
2989 
2953 
2914 
2874 
2833 
2790 
2477 
2597 
2547 
2595 
2541 
2485 
2425 
2361 
2298 
2230 
2159 
2084 
2006 
1923 
1835 
1742 
1644 
1540 
201 
Calculation of forces acting on each slice of Table 
B3 
N 5, UQ Uç, Avg u U 
3255 1.009 
3185 1.016 
3115 1.023 
3044 1.031 
2973 1.039 
2900 1.048 
2827 1.057 
2755 1.066 
2681 1.075 
2607 1.085 
2532 1.096 
2485 1.106 
2382 1.118 
2305 1.130 
2229 1.143 
2151 1.156 
2073 1.170 
1996 1.185 
1917 1.201 
1837 1.218 
1756 1.236 
1677 1.254 
1599 1.274 
1514 1.297 
1432 1.320 
1349 1.346 
1266 1.374 
1181 1.405 
1097 1.439 
1012 1.476 
927 1.519 
841 1.567 
754 1.621 
667 1.685 
579 1.761 
491 1.853 
403 1.967 
315 2.115 
228 2.318 
32 6.924 
70342 58.723 
0 59.4 
59.4 118.3 
118.3 182.7 
182.7 225.3 
225.3 254.8 
264.8 312.2 
312.2 371.6 
371.6 423.1 
423.1 473.8 
473.8 514.6 
514.6 572.8 
572.8 622.8 
622.8 640.6 
640.6 640.9 
640.9 636.6 
636.6 631.2 
631.2 631.1 
631.1 627.1 
627.1 626.8 
626.8 651.9 
651.9 652.5 
652.5 647.0 
647.0 664.4 
664.4 550.3 
650.3 639.9 
639.9 628.3 
628.3 519.2 
619.2 506.9 
606.9 578.5 
578.5 554.6 
554.6 521.9 
521.9 490.2 
490.2 458.2 
458.2 425.8 
425.8 391.4 
391.4 354.4 
364.4 313.5 
313.5 268.3 
268.3 202.2 
202.2 0 
29.7 30.0 
88.8 90.3 
150.5 153.9 
204.0 210.3 
245.0 254.5 
288.5 302.4 
341.9 351.4 
397.4 423.6 
448.5 482.1 
494.2 535.2 
543.7 595.9 
597.8 651.2 
631.7 706.3 
640.8 724.1 
638.8 730.1 
633.9 732.8 
631.2 738.5 
629.1 745.5 
627.0 753.0 
639.4 778.8 
552.2 806.1 
649.7 814.8 
655.7 835.4 
657.4 852.7 
645.1 851.6 
634.1 853.5 
623.8 857.1 
613.0 861.3 
592.7 852.9 
556.5 836.2 
538.2 817.6 
506.0 793.0 
474.2 768.7 
442.0 744.8 
408.6 719.7 
372.9 691.1 
334.0 557.0 
290.9 615 .4 
235.3 545.4 
101.1 700.0 
25485.0 
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APPENDIX C 
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c 
r 
C PART I.CALCULATION OF CONSTANT A'S AND FCY) 
C FGR A GULLY USING GRAM-SCHMIDT METHOD 
C MODIFIED BY POWERS,KIRKHAM,SNOWOEN 
r 
C DESCRIPTION OF VARIABLES : 
C H=HEIGHT OF DIVIDE 
C S=HEIGHT OF GULLY WALL 
C L=LENGTH OF FLOW MEDIUM 
C NN=NUMBER OF APPROXIMATIONS 
C N3IS=NUMBER OF BISECTIONS 
C NDIM=NSIS+1 
C DEL1=LENGTH OF EACH BISECTION WHEN Y IS BETWEEN 
C ZERO AND S 
C DEL2=LENGTH OF EACH BISECTION WHEN Y IS BETWEEN 
C S AND H 
C AMN=SET OF A'S 
C FN=VALUE OF F(Y) 
C 1ER AND IERTH=CHECKS FOR ERRORS 
C IERTH= 0 : NO ERROR 
C IERTH= 1 : U(N,N) IS LESS THAN ZERO 
C IERTH= 2 : 0(N) IS LESS THAN ZERO 
C IERTH= 3 : D<N) IS GREATER THAN U(N,N) 
C IERTH= 4 : BESLHS IS GREATER THAN 3ÊSRHS 
C IERTH= 5 : BESLHS IS LESS THAN 3ESRHS 
C N.V1AX= MAXIMUM NUMBER OF ITERATIONS 
C SESRHS=BESSEL'S RIGHT HAND SIDE 
C SESLHS=SESS£L»S LEFT HAND SIDE 
C BESN=NCRMALïZEO BESSEL CHECK 
C 
C.e .#.#* ••• ..##.4 
C 
c ** ** ****** ********** MAIN PROGRAM *********************** 
C 
IMPLICIT REALMS (A-H,J,L,C-Z) 
COMMON /CSUB/ Yl(16),Y2{16) 
COMMON /CLW/ UlC41 »i6) .U2{41, 16) .U{41) 
COMMON /CAS/ A(41),FN1{16)»FN2(16) 
COMMON /CBES/ BESRHS,BESLHS 
COMMON /CERR/ lER.IERTH 
COMMON PI.S.H.L,DELI,DEL2,NDIMl,NDIM2 
C THE VALUES OF H S AND L ARE CHOSEN AS AN EXAMPLE 
S=0.300 
H=0.4D0 
L=1.0 DO 
PI=3.141592653589793D0 
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NN=40 
NOIM1=16 
NDIM2=16 
NBIS1=15 
NBIS2=15 
DELi=S/NEISl 
DEL2=(H-S)/NBIS2 
CALL FF 
KA = NN 
KAM1=KA-1 
KADIAG=(KA*KAMl)/2 
DC 1 M=1,NN 
CALL UW(M,M1) 
NCAPP 1 = M 
00 2 K=1«NDIM1 
FNl(K)=0.ODO 
2 CONTINUE 
OG 3 K=1,NDIM2 
FN2(K)=0.CD0 
3 CONTINUE 
CALL CRTH(NCAPP1.KA»KAM1.KAOIAG) 
IF((IER.NE.O).OR.(IERTH.NE.O)) GG TC 8 
CALL FM(M) 
BESN=BESLhS/BESRHS 
WRITE(6,1C0) M.Ml 
WHITE(6»200) BESRHS.BESLHStBESN 
WRITE(6,800) lER.IERTH 
WRITE(6,300) 
DO 4 N=1,P 
ttRITE(6«AC0î A(N)sU(N)*% 
4 CONTINUE 
WRÏTECÔ,600? 
DO 5 K=1,NDIM1 
WRITE(6»7C0) Y1(K),FN1(K) 
5 CONTINUE 
DG 6 K=1.N0IM2 
WRITE(6,700) Y2(K),FN2(KJ 
6 CONTINUE 
1 CONTINUE 
GO TO 7 
S WRITE(6,800) IER,IERTH 
GO TO 7 
100 FORM4T(5X,' M = ',I2,10X,' Ml = *,13) 
200 F0RMAT(5X,"BESRHS =•,F20.10.•BESLHS =•.F20.10,5X, 
*'BESN =• ,F15.10) 
300 FORMAT(5X,«COEFFICIENT A«,15X,« UMN ',20X,' ttM •) 
4 00 FORMAT!5XBF20=10,5X,F20o10s5X,F20e10} 
600 FORMAT(5X.«Y-COORDINATE»,lOX,«APPROXIMATED F«) 
700 FORMAT(5X,F15«i0,5X,F20.i0î 
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eOO FORMATt5X,•IER = « .13,1 OX.* IERTH=» ,13) 
7 STOP 
END 
C 
r******************* SUBROUTINES ************************* 
C 
C COMPUTE F(Y) AND BESRHS 
SUERQUTINE FF 
IMPLICIT REALMS ( A-H, J ,1_, 0-2) 
COMMON /CSUB/ Y1 ( 16 ) , Y2( I 6) 
COMMON /CEES/ BESRHS.BESLHS 
COMMON PI,S,H,L,DEL1,DEL2,NDIM1,NDIM2 
DO 1 I=1,NDIM1 
Y1(I)=(I-1)*DEL1 
1 CONTINUE 
00 2 I=i,NDIM2 
Y2(I)=S+(l-l)*DEL2 
2 CONTINUE 
BESRHS=H/3.0 
RETURN 
END 
C COMPUTE UM WM AND UMN 
C 
SUBROUTINE U*(M,M1) 
IMPLICIT REALMS (A-H,J,L,O-Z) 
COMMON /CSUB/ Yi(16),Y2(16) 
COMMON /CLte/ U1(41,16),U2(41,16),U(41),W 
COMMON PI ,S,H,S_,DEL1*DEL2,NDIM1 ,K0IM2 
N1=2*M-1 
PK=M1*PI 
P1=PK/H 
P2=Pl*S/2.0 
P3=P1*L/2.0 
DO i K=1,NDIM1 
U1(M,K)=DC0S(Y1(K)*(Pl/2.0)) 
1 CONTINUE 
DO 2 K=1,NDIM2 
IFÎHoEQoS) GO TO 20 
X={L/CH-S))*(Y2(K)-S) 
GC TO 30 
20 X = L 
30 P2Z=X*(Pl/2.0) 
IF(P22oGEol75o366Î GO TO 10 
U2(M,K)=(CC0SH{P22)-DTANH(P3)*D5INH<P22))* 
* DC0S(Y2(K)*(Pl/2.0)) 
GO TO 2 
10 U2(M,K)=0.0D0 
2 CONTINUE 
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P5=P1*P1*K 
D1=0SIN(P2) 
02=0CCS(P2) 
H3=DTANH(P3) 
H5=H-S 
H6=n5*H5 
H7=L*L+H6 
H8=L*L-He 
C1=(2.0*D1*(H-S)/PK}+(4.0*(1.0-D2)/P5) 
C2=((Pl/2oO)*(L*H6/H7)*D2+(2.0*H5*H6*L*D1/(H7*H7)))*H3 
C3 = ((P1/2.0Î *(H5*H6/H7)*01)+{ (H6*H8/(H7*H7) )*02) 
W=C1+(C2-C3)*4.0/P5 
IF(Ml.EQ.I) GO TO 4 
MS=M-1 
DO 3 N=1,NS 
N1=2*N-1 
Pô=Nl*PI*S/(2.0*H) 
P7=N1*PI*L/< 2• 0*H) 
P8=2.0*H/FI 
H4=DTANH(P7} 
SI =M1+M 
S2=M1-N1 
S3=51*S1 
S4=S2*S2 
A1=P9*L*HS/(H7*S1} 
A2=P8*h6/(H7*Sl) 
A3=PS*L$S2$H5/(S4*L*L+S3*H6)' 
A4.=P8*Sl*H6/( S4*L*L+S3*H6) 
A5=P8*L*S1*H5/{S3*L*L+S4*H6) 
A6=P8*S2*H6/(S3*L*L+S4*H6) 
A7=P8*L*H5/(S2*H7> 
A8=PS*H6/(S2&H7) 
D3=DS IN{ P24-P6) 
D4=DC0S(P2+P6) 
D5=DSÎNÎP2-P6) 
D6=DC0S(P2-P6J 
Ti=(41»D4+A5*DÔ)*(H3+H4) 
T2=(A2*D3+A6*D5)*(1.0+H3*H4) 
T3=(A3*D4+A7*06)*(H3-H4) 
T4=(A4*D3+A8*D5)*(1«0-H3*M4) 
TK = (T l-T2+T3-T4)/4. C 
U(N)=(P8*CS/(2.0*S2) ; + (P8*03/(2.ûé5îj î-S-TK 
3 CONTINUE 
4 P9=2oO*P2 
PIC=2oO*P3 
E1=(H*L*H=)/(PK*H7) 
E2=(H*H6)/(PK*H7) 
E4=l.O/Pl 
E5=E4*HS/L 
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VI=[S/2.0)+(1.0/(2.0*P1))*DSIN(P9) 
V2=(E1*0CCS(P9)+E5)*2.0*H3 
V3=E2*(OSIN(P9))*(1.0+H3*H3) 
V4=(H5-E4*DSIN(P9))*(1.0-H3*H3> 
U(M)=V1+0.2S*(V2-V3+V4J 
RETURN 
END 
COMPUTE AMN AND 3ESLHS USING WM AND UMN 
SUBROUTINE 0RTH(NCAPP1.KA.KAMl,KADIAG) 
IMPLICIT REAL*8 (A-H,J,LtC-ZJ 
COMMON /CLW/ U1(41,16),U2(41,16),U(41),W 
COMMON /CAS/ A(41),FN1(16),FN2{16) 
COMMON /CGES/ BESRHS•BESLHS 
COMMON /CERR/ I£R»IERTH 
DIMENSION D(41),C(40),G(41),J(840) 
IF (NCAPPl-l) 1,2,2 
IER=1 
RETURN 
IF (NCAPPl-KA) 4,4,3 
IER=2 
RETURN 
IF (KA-1-KAMl) 5,6,5 
IER = 3 
RETURN 
IF ((KA*KAMl)/2-KAOIAG) 7.8,7 
IER=4 
RETURN 
CONTI NUE 
IER=0 
NCAP=NCAPP1-1 
NCAPq1=NCAP-1 
IF (NCAPMl) 10,20,30 
D(i)=U(1) 
G( 1)=W 
E=G{1)/D(i) 
A(1)=E 
UANG=U(1 ) 
DANG=D(1) 
3ESLHS=E*E*DANG 
CALL ANGLESCDANG,UANG) 
RETURN 
C(1J = U(1)/0C1) 
D(2)=U(2)-C(1)*C(1)*D(1) 
G(2)=W-C(1)*G(1) 
E=G{2)/D(2) 
J(1)=C(1) 
A( i} = A(1)-E*J(1) 
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A( 2)=E 
UANG=U(2) 
0ANG=D(2) 
SESLHS=aESLHS+E*E*DANG 
CALL ANGLES(DANGtUANG) 
RETURN 
30 C( 1)=U(1)/D(1) 
NFCRJ=0 
DO 100 N=2.NCAP 
CTEMP=U(N) 
NM1=N-1 
DO 200 NN=1,NM1 
NFCRJ=NFCRJ+1 
200 CTEMP=CTEMP-U(NN)*J<NFCRJ) 
100 C(N)=CTEWP/D(N} 
DTEMP=U(NCAPPl) 
GTEMP=W 
DO 30C N=1,NCAP 
CTEMP=C(N) 
OTEMP=DTEKP-CTEMP*CTEMP*D(N) 
300 GTEMP=GTENP-CTEMP«G(N) 
D(NCAPPl)=OTEMP 
G(NCAPPl>=GTEMP 
E=GTEMP/DTEMP 
NSTART=0 
DO 400 N=1,NCAPM1 
JTEMP=C{N) 
NSTART=NSTART+N 
NFCRJ=NSTART 
NP1=N+1 
DO 500 NN=NP1.NCAP 
JTEMP=JTEMP-C{ NN) NFORJ ) 
500 NFCRJ =NFCf!j + NN-l 
J(NFORJ)=JTEMP 
400 &(N)=A(N)-E*JTEMP 
NFCRJ=NFCPJ+1 
JÎNFORJJ=C{NCAP) 
A(NCAP)=A(NCAP)-E*J(NFCRJ) 
A(NCAPPl> =E 
UANG=U(NCAPPl) 
DANG = DÎ NCAPPl) 
BESLHS=BE£LHS-S-£=!=£=PDANG 
CALL ANGLES(DANG» UANG) 
RETURN 
END 
SUBROUTINE ANGLES{DANG,UANG) 
IMPLICIT REALMS ( A-H,J,L»0-Z) 
COMMON /CEES/ BESRHS.BESLHS 
COMMON /CERR/ IER»I£RTH 
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lERTH = 0 
IF(8ESLHS.1_T. O.OO) GO TO 10 
IF(BESUHS.GT.SeSRHS) GO TO 20 
IF(DANG.GT.UANG) GO TO 30 
IF(DANG.LT.O.DO) GO TO AO 
IFfUAXG. LT.O-DOÎ 
RETURN 
1 0 I ESTH = I ERTH f 1 
20 lERTH = lERTH + 1 
30 lERTH = I ERTH + 1 
40 lERTH = I ERTH + 1 
50 lERTH = I ERTH + 1 
RETURN 
END 
C 
C COMPUTE APPROXIMATED F(Y) USING AMN AND UM 
C 
SUBROUTINE FM(M) 
IMPLICIT REALMS (A-H,J,L,0-Z) 
CuViMON /CUWy Ui(41,16).U2(41,16),U(41).% 
COMMON /CAS/ A(41),FN1(16)•FN2(16) 
COMMON PI,S,H,L,DEL1tDEL2çNDIMl,KDIM2 
DC 1 N=1.M 
DO 2 K=l.NOIMl 
FN1(K)=ACN)*U1(N.K)+FN1(K) 
2 CONTINUE 
DO 3 K=1.NDIM2 
FN2(K)=A(N)*U2(N,K)+FN2(K> 
3 CONTINUE 
1 CONTINUE 
RETURN 
END 
^  *  • « « « «  « O O O 9 0 « O O O E O O O O O O E E E E O E  
C CALCULATION OF PHI AND PSÏ FCP FLCHNET 
C 
C******************** MAIN PROGRAM 
C 
IMPLICIT K£AL*a (A-H,L.C-Z) 
COMMON /CA/ A(40> 
COMMON PI ,L,H.S 
DIMENSION PHIlîll.ll) ,PMÎ2t 11,1l),P5ïiill ,11), 
* PSI2(11,11) 
H=C,4D0 
S = 0« 3D0 
L=l.ODO 
PI=3o1415Ç2653589793D0 
REAO{5,10C) (A(I).1=1,AO) 
NBIS=10 
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NO IM= 11 
OELX=L/NB IS 
OELY=S/NBIS 
X=O.ODO 
y=C.ODO 
DO 1 I=1,NDIM 
DO 2 J=1,NDIM 
PHI1(l9JÎ=PHI{X,Y> 
PSIK I. J)=PSI(X. Y) 
X=X+DELX 
2 CONTINUE 
X=C.ODO 
Y=Y+DELY 
1 CONTINUE 
X=C.ODC 
Y=S 
DO 3 *1 = 1 ,NDIM 
DO 4 J=I,NOIM 
PHI2(I.J)=PHI<X,Yi 
PSI2(I,J)=PSI(X,Yj 
X=X+DELX 
4 CONTINUE 
X= I*DELX 
Y=((H-S)/NBIS)+Y 
2 CONTINUE 
WRITE(6«200) 
DC 5 I=1,N0IM 
WRITE(6.3CO) (PHI1(I,J)»J=1.NDIM) 
5 CONTINUE 
DO 6 I=1.NDIM 
WRITE(6»3C0) <PHI2(ItJ).J=I.NDIM) 
6 CONTINUE 
WRIT5(6,4C0) 
DO 7 1=1,NDIM 
WfiITE{0,300) fPSI1{Î.J>.J=leNDIM) 
7 CONTINUE 
DC S I — 1 » NOI m 
WRITE(6,3C0) (PSI2(I.J),J=I,NDIM) 
S CONTINUE 
100 F0fiMAT(F2C.10) 
200 F0fiMAT(5X,'PHI VALUES') 
300 FORMATÎ5X,11F8.5) 
400 FORMAT(SX,*PSI VALUES') 
STOP 
END 
FUNCTION PHKX.Y) 
IMPLICIT REAL*8 (A-H,L,0-Z) 
COMMON /CA/ A(40> 
COMMON PI,L,H,S 
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NMAX=40 
PHI=0.000 
DC 1 M=1,NMAX 
M1=M*2-1 
PM=M1*PI/(2.0*H) 
P=PM*L 
Q=PM*X 
R=PM*y 
IF(Q.GE.175.366) GO TO 10 
PHI=A(M)#(DCOSH(Q)-DTANH(P)*DSINH(0))*DCOS(R)+PHI 
GO TO 1 
1Û PHI=0.0+PHI 
1 CONTINUE 
PHI=(1.0-FHI)*H 
RETURN 
END 
FUNCTION PSKX.Y) 
IMPLICIT REAL*8 (A-H,L,0-Z) 
COMMON /CA/ A{40) 
COMMON PI,L,H,S 
NMAX=40 
PSI=0.ODO 
DC 1 M=1,NMAX 
M1=M*2-1 
PM=Mi *PI/(2.0*H) 
P=PM$L 
Q=PM*X 
R=PM*Y 
ÎFÎQ.GE.175.366) GO TO 10 
P5I=4(M)*(DC0SH(Q)*DTANH(P)-DSINH(0))*DSIN(R)+PSI 
GO TO 1 
10 PSï=0-0+PSI 
1 CONTINUE 
PSI=PSI*H 
RETURN 
END 
C 
C PUT THE AVN VALUES HERE 
C 
c 
C PART IÏ .CALCULÂT ION OF Â'S AND FCTHE7A) FOR 
C MNELAND SEEPAGE USING GRAM-SCHMIDT 
C METHOD MODIFIED BY POWERS,KIRKHAM, 
C AND SNOWDEN 
C 
woo eeeeo eee oo@e ## #### ##########*## 
c 
C DESCRIPTION OF VARIABLES : 
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C H=HEIGHT OF POND 
C L1 AND L2=LENGTH UNITS.SUM OF THESE TWO IS THE 
C LENGTH OF FLOW MEDIUM 
C RDD=RACIUS OF TILE DRAIN 
C G=GREATEST DISTANCE FROM CENTER OF DRAIN 
C S=SLOPE OF SOIL 
C TH1=ANGLE OF AXIS R WITH POSITIVE X DIRECTION IN 
C REGION ONE 
C N3IS=NUMBER OF BISECTIONS IN EACH REGION 
C N0IM=NEIS+1 
C R(K)=RAOIAL DISTANCE OF EVERY POINT IN EACH REGION 
C E=DEPTH OF DRAIN WHEN THE TILE DRAIN IS ABOVE THE 
C IMPERVIOUS LAYER 
C 
C******************** MAIN PROGRAM *********************** 
C 
C TILE DRAIN IS HALF EMBEDDED IN THE IMPERVIOUS LAYER 
C 
IMPLICIT R£Ai_*8 ( A-H, J . L t C-Z} 
COMMON/CUES/ T1(61).T2(61),T3(11).F1<61)»F2(61),F2(11) 
COMMON/UWM/ U1(21,61),U2(21,61),U3(21,11),UU(21,21). 
* U(21),ak(21),Rl{61)>R2(61).R3(11) 
COMMON/CFF/ A(21),FN1(61),FN2(61),FN3(11) 
COVMON/CBES/ BESRHS,BESLHS 
COMMON/CERR/ lER.IERTH 
COMMON NDIMl.NDIM2,G,L2,NDIM3,H.K.LI.PI.L3.TH1.S.TH2, 
* R,RDD,TH3,DEL1«0EL2,DEL3 
CALL TRAPSÎ0.0.32000} 
C 
C THE VALUES OF THE PARAMETERS ARE CHOSEN AS AN EXAMPLE 
H=7«5D0 
S=1.2500 
LI=4.ODO 
L2=26.ODO 
L3=2.ODO 
RDD=0.500 
R=I.000 
K=5.0D0 
PI=3.14159265358979300 
TH3=DATANÎH/L2> 
TH2=-TH3+CATAN(H/L3) 
TH1=PI-TH2-TH3 
G=(H*H+L2*L.2) **0 .5 
NN=20 
NDIMl=61 
NDIM2=61 
NDîM3=ll 
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N3IS1=NDIM1-1 
NBIS2=NDIM2-1 
NBIS3=N0IM3-1 
DEL1=TH1/N8IS1 
DEL2=TH2/hBIS2 
DEL3=TH3/NBIS3 
CALL SUBS 
NMAX=NN+1 
KA=NMAX 
KAM1=KA-1 
KADIAC=(KA*KAMll/2 
BESN=O.ODC 
CALL UW(NMAX} 
DC 1 M=1.NMAX 
NC APP1=M 
DO 3 K=1,NDIM1 
FNKK ) = C.ODO 
3 CONTINUE 
DO 4 K=i,NDIM2 
FN2(K J = 0«ODO 
4 CONTINUE 
00 10 K=1.NDIM3 
FN3(K)=0.0D0 
10 CONTINUE 
00 2 N=1,M 
U(N)=UU(M,N) 
2 CONTINUE 
CALL GRTH(NCAPP1sKAsKAMl» KADIAG »W} 
IF({IER.NE.O).OR.(lERTH.NE.O)) GC TO 9 
CALL OUTPLT(M) 
BESN=BESLHS/BESRHS 
M Î =M-1 
WRITE(6,1C0) Ml 
&RITE(6;2003 BESSHS,BESLHS»BESN 
WRÎTE(6.8C0Î lER.IERTH 
WRÎTE<ô.3CCÎ 
00 5 N=1,M 
WRITE(6.400Î A(N) 
5 CONTINUE 
WRITE{6 «600) 
DO 6 K=lshûÎMl,6 
WRITE(6,7C0) T1(K),FN1(K) 
6 CONTINUE 
DO 7 K=1«NDIM2»6 
WRITE(6.7C0) T2{K),FN2(K) 
7 CONTINUE 
DO 11 K=1.NDIM3 
BRITE(6,700) T3{K)eFN3{K) 
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11 CONTINUE 
1 CONTINUE 
GO TO 8 
9 WRITE(6.800J lER.IERTH 
100 F0KMAT(5X.» M= ',12) 
200 FGRWATÎ5X.SBESRHS=» .F20.10. «SES:_."-iS = • » F2C » 10 o SX s 
* 'BESN =•.FIS.IO) 
300 F0RMATC5X.«COEFFICIENT A*) 
400 FORMAT(5X.F20«10 3 
600 F0RMAT(5X,'ANGLE THETA'.lOX,'APPROXIMATED F') 
700 FORMAT(5X.F10«5.5X»F20.10) 
800 F0RMAT(5X,'IER='»I3.10X,'IERTH=',13) 
9 STOP 
ENC 
C 
c******************* SUBROUTINES ************************* 
C 
SUBROUTINE SUBS 
IMPLICIT REAL*8 (A-H,J.L.0-Z) 
COMMON/CUES/ Ti(ôi).T2C61î»T5{1iÎ«FÎ(ôiÎ.F2ÎôlJ»F3i11i 
COMMON/CBES/ BESRHS.BESLHS 
COMMON NDIMl,NDIM2,G,L2.NOIM3,H.K.Ll,PI.L3,TH1,S,TH2, 
* R,ROD,TH3,DELI,OEL2,DEL3 
DIMENSION FFl(61),FF2(61),FF3(11),FFF1(61),FFF2(61), 
* FFF3(11> 
00 1 1=1,NDIMl 
F 1(I)=0.ODO 
FFKI )=F1(I)*F1( I) 
1 CONTINUE 
CALL DQSF(DEL1,FFl,FFFl,NDIMl) 
DO 2 I=1,NDIM2 
F2(I> =R/K 
FF2< I )=F2( I )*F2( I Î 
2 CONTINUE 
CALL 0QSF(DEL2,FF2,FFF2,NDIM2) 
DO 3 I=1.NDIM3 
F3(i)=0.0D0 
FF3(I)=F3(I)*F3( I ) 
3 CONTINUE 
CALL DQSF(DEL3,FF3,FFF3,NDIM3) 
BESRHS=FFFl(NDIMi)+FFF2(N0IM2)+FFF3ÎNDÎM3) 
RETURN 
END 
C 
C COMPUTE UM WM AND UMN 
C 
SUBROUTINE Uy(NMAX) 
IMPLICIT REAL*8 (A-H,J,L,0-Z) 
COMMON/CUBS/ Ti(61),T2(6l5,T3Clî).FlC6i),F2î6i),F3Î11) 
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COMMON/UWM/ U1 (21 ,6 1) »U2( 21 
* U(21),W%(21),Rl(ôl).R2(61 
COMMON N0IMl,N0IM2*GtL2tN0l 
* R.R0D.TH3,OELl.DEL2.DEL3 
DIMENSION WMM1(61)««MM2(61) 
* *M3(ll),PMNl(61j,PMN2(61) 
* .UMN3(H3 
DO 1 M=1,NMAX 
IF(M.NE.1) GO TO 8 
DO 9 K=1,N0IM1 
T1 (K)=(K-1)*0EL1 
R1(K)=S*L1/(DSIN(T1(K))+S*DC0S(T1(K)}) 
Ul<ltK)=(DSIN(Tl(K))+S*DCOS(Tl(K)))/(Rl(Kj*DLOG 
* (G/ROD)> 
WMM1(K)=F1(K}*U1(1,K) 
3 CONTINUE 
DO 10 K=1,NDIM2 
T2(K)=TH1+(K-1)*DEL2 
R2(K)=H/D£IN(T2(<)) 
U2(1.K)=DSIN< T2(K))/(R2(K)*DLOG(G/RDD)) 
WMM2{K)=F2(K)*U2(l.K) 
10 CONTINUE 
00 16 K=1,N0IM3 
T3(K)=TH1+TH2+(K-1J*0£L3 
P3(K)=-L2/0C0S(T3(K)) 
U3(1» KJ=DC0S(T3(K))/(R3(K)#OLOG(G/RDO)) 
WMM3(K)=F3(K)*U3(1,K) 
16 CONTINUE 
GO TO 11 
a MM=M-1 
DO 2 K=1.NDIMl 
Ti(K> =;K-1)*D&L1 
R1(K)=S$L1/(DSIN(T1(KJ}+S*OCOS(T1(K)}) 
U1(M,K)=MM*(0SIN(T1(K))+S*OCOS(Tl(K))J*((R1(K)/G)**MM 
* +(ROD*RCD/(G*Rl(K)) DCOS(MM*T1(K)) î/{R1(K> 
* *(1.0-(RDD*RDD/(G*G)j**MM))-MM*(OCGS(Tl(K))-S*OSIN( 
Tl (K.) ))»((R1 (K)/G)**MM-(RDO*RDD/(G*Rl(K) î OS IN 
* (MM*T1(K)))/(Rl(K)*(1.0-(R00*R0D/(G»G) 
21 WMMl(K)=Fi(K)*Ul(M,K) 
2 CONTINUE 
DO 3 K=1,N0IM2 
T2(K)=TH1+(K-1)*DEL2 
R2(K) =H/DSINÎT2(fCi) 
U2(M,K)=MM*(0SIN{T2(K}}}*((R2(K)/G)»*MM»(PDD*RDD/(G*R2 
* (K)))$*MM)*(OCOS(MM*T2(K)))/(R2(K)*(1.0-(RDD*ROD 
*  / ( G * G ) J - M M Ï Î D C O S i  T 2 £ K ) i ) * ( ( R 2 ( K ) / G ) * * M M - ( R D D  
* *RDD/(G*R2(K)))»*MM)*(DSIN{MX*T2{K)))/(R2(K)*(l«0-
* (RDC*RDC/(G*G))**MM)) 
24 bMM2(K)=F2(K)*U2(M,K) 
•61}«U3(21.11),UU(21,21), 
),R3(11) 
M3,H,K,L1,PI,L3,TH1,S,TH2, 
,WMM3(11).WM1{61).WM2(61), 
,PMN3ili) t i imhii (61) ,UMN2(61) 
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3 CONTINUE 
DO 17 K=1,NDIM3 
T3(K)=TH1+TH2+(K-1)#0EL3 
R3(K)=-L2/0CGS{T3(K)) 
U3(M,K)=MM*(OCOS(T3(K)))*((R3(K)/G)**MM+(PDD*RDD/(G$R3 
*  ( K ) ) K ) ) ) / ( R 3 ( K ) $ ( l « C - ( K D O * R D D  
* /(G*G))$*MM))+MM*(0SIN(T3iK)))*((R3(K)/G)**MM-(RDD 
* *R0D/{G*R3(K)})**MM)*(DS!N(MM*T3(K)))/(R3(K)*(1.0-
* (ROiD*RDD/(G*G))**MM)) 
27 WMM3(K)=FZ(K)*U3(M,K) 
17 CONTINUE 
11 CALL 0QSF(DEL1.WMM1,WM1,NDIM1) 
CALL 0QSF(DEL2,WMM2,WM2,NDIM2) 
CALL OQSF(OEL3,WMM3,WM3,NOIM3) 
WW(M)=WM1CNDIM1)+WM2( NDIM2>+WM3(NDÎM5) 
1 CONTINUE 
DO 4 M=l,NMAX 
MM=M-1 
DO 5 N=1,M 
NN=N-1 
DO 6 K = 1 « NDIMl 
PMNl(K)=U1(M,K)*U1(N.K) 
6 CONTINUE 
DO 7 K=l.NOIM2 
PMN2(K)=U2(M,K)*U2(N.K) 
7 CONTINUE 
DO 18 K=1,NDIM3 
PMN3(K)=U2(M.K)*U3(N,K5 
18 CONTINUE 
CALL DQSF(OELl»PMNl,UMN1,NDIMl) 
CALL DQSF(0EL2»PMN2,UMN2»N0IM2) 
CALL DQSF{DEL3ÎPMN3-UMN3.N0ÎM3) 
OU(M,N)=UMNiî NDIMl)+UMN2Î NDÎM2)+UMN3<NÛim3j 
5 CONTINUE 
PRINT,M 
4 CONTINUE 
RETURN 
ENO 
C 
C COMPUTE AVN AND BESLHS USING WM AND UMN 
C 
SUBROUTINE ORTH { NCAPP1 • KA . KAM i « KÂÛiÂG » !» > 
IMPLICIT REAL*8 (A-H,J,L,0-Z) 
COMMON/U%M/ Ul(21,61),U2(21,61),U3(21,11),UU(21.21), 
* U(21 ) , W\*(213 îRl (61) ,R2(61 ),R3(11) 
COMMON/CFF/ A(21),FN1(61),FN2(61),FN3(11) 
CO.MMON/CSES/ BESRHS eBESLHS 
CQMMON/CERR/ lER.IERTH 
DINENSION DS21Î,C(20Î»GC21)»JÎ210} 
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IF (NCAPPl-1) 1,2,2 
1 IER=1 
RETURN 
2 IF (NCAPPl-KA) 4,4,3 
3 IER=2 
RETURN 
4 IF (KA-1-KAMl) 5,6,5 
5 IER=3 
RETURN 
6 IF ((KA*KAMl)/2-KADIAG) 7,8,7 
7 IER=4 
RETURN 
8 CONTINUE 
IER=0 
NCAP=NCAPP1-1 
NCAPM1=NCAP-1 
IF (NCAPMl) 10,20,30 
10 D(l)=U(li 
G(1)=W 
E=G(1)/D(1) 
A( 1) = E 
UANG=U( 1 ) 
DANG=D{ 1 ) 
BESLHS=E*E*DANG 
CALL ANGLES(OANG,UANG> 
RETURN 
20 C(1)=U(1)/0(1] 
D(2}=U(2)-C(1)*C(1)*D(1) 
G(2)=W-C(1)*G(1) 
E=G(2)/D(2) 
J( 1)=C( 1) 
A(1)=A(1)-E*J(1) 
A( 2)=E 
UANG=U(2) 
DANG=0(2) 
BE SLH S=BESLHS+E*E*DANG 
CALL ANGLESiDANG,UANG) 
RETURN 
30 C ( 1 ) = U ( l i / D l 1 >  
NFORJ=0 
DO 100 N=2,NCAP 
CTEMP=U(N) 
NM1=N-1 
DC 200 NN=1,NM1 
NFGRJ=NFCRJ+1 
200 CTEMP=CTEMP-U(NN}*JCNFORJ) 
100 C(N)=CTEMP/D(N) 
DTEMP=U(NCAPPl) 
GTEMP=W 
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DO 30 0 N=1,NCAP 
CTEMP=C(N) 
0TEMP=DTEMP-CTEMP*CTEMP*0(N) 
300 GTEMP=GTEWP-CTEMP*G(N) 
0(NCAPPl)=OTEMP 
GiNCAPPl}=GTEMP 
E=GTEMP/DTEMP 
NSTART=0 
DO 400 N=1,NCAPM1 
JTEMP=C< NJ 
NSTART=NSTART*N 
NFCRJ =N£TART 
NP l = N + l 
DO 50 0 NN=NP1,NCAP 
J  T  E M P  = J T E M P - C N F O R J }  
500 NF0RJ=NFCPJ+NN-1 
J(NFORJ)=JTEMP 
400 A(N)=A(N)-E*JTEMP 
NFCRJ=NFGRJ+1 
J(NFORJj=CiNCAP3 
A(NCAP)=A(NCAP)-E*J(NFORJ) 
A{ NCAPPl) =E 
UANG=U(NCAPPl) 
DANG=D(NCAPPl> 
BESLHS=BESLHS+E*E*DANG 
CALL ANGLES(DAN6,UANG) 
RETURN 
END 
SUBROUTINE ANGLES4DANG9UANG) 
IMPLICIT REALMS (A-H,J.L.C-Z) 
COMMON/CBES/ BESRHSFBESLHS 
COMMON/CERR/ IER.ÎERTH 
IERTH = 0 
IF(BESLHS.LT.O.DO) GO TO 10 
IFCBESLHS.GT.BESRHS) GO TO 20 
IF(DANG.GT.UANG) GO TO 30 
IF(DANG.LT.O.CO) GO TO 40 
IF(UANG.LT.O.DO) GO TO 50 
RETURN 
10 lERTH = lERTH + 1 
20 lEKTH = lERTH -r 1 
30 IcRTH = ÏERTH 1 
40 lERTH = lERTH + 1 
50 lERTH = lERTH + 1 
C 
c 
RETURN 
END 
SUBROUTINE OUTPUTCM) 
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IMPLICIT REAL*8 (A-H,J,L,C-2) 
CQMMON/UWM/ Ul(2i,61).U2(21,61).U3(21,11),UU(21,21), 
* U(2 1),*k(21),Rl(61),R2(61),R3(11) 
COMMON/CFF/ A<21) ,FN1(61) ,FN2{61).FN3(11) 
COMMON NDIMl,NDIM2.G»L2,NDIM3.H,K.L1»PI.L3 »TH1.S«TH2. 
* R.RDÛ.Th3»D£Ll.OEL2,DEL3 
DO 1 N=1,N 
00 3 K=Î,NDÎM1 
FN1(K)=A(N)*U1(N.K)+FN1(K) 
3 CONTINUE 
DC 4 K=1,N0IM2 
FN2(K)=A(h)*U2(N.K]+FN2(K) 
4 CONTINUE 
DO 5 K=1,NDIM3 
FM3(K)=A(N)*U3(N,K)+FN3CK} 
5 CONTINUE 
1 CONTINUE 
RETURN 
END 
C 
c 
c CALCULATION OF PHI AND PSI FOR FLOWNET 
C 
IMPLICIT PEAL*8(A-H,K,L,0-Z) 
COMMGN/CA/ A(21) 
COMMON L1,L2,L3,H,G,R0D,C,PI 
DIMENSION PHIKll ,1 1) ,PHI2( 11,11) tPSIl (11,11), 
» PS I 2(11,11) 
H=7.5D0 
Ll=4.000 
L2=26.0D0 
L3=2.GOO 
C=5.0D0 
R00=0.500 
PI=3.141552653589793DC 
G=0SaRT(H*H+L2*L2) 
READ(5,10C) (A(I),I=1,21) 
N3IS1=10 
NDIMl=11 
DELXl=-(L2-L3)/NBISl 
DELY=H/NBIS1 
X = -L2 
v=o.ooo 
DO 1 1 = 1,NDIMl 
DO 2 J=1,NDIMl 
PHI 1{ I,J)=PHI{X,Y) 
PSIK I , J )=PSI ÎX, Y) 
X=X-DELX1 
2 CONTINUE 
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X=-L2 
Y=Y+DELY 
1 CONTINUE 
X=-L3 
Y=C.ODO 
DELX2=(L1+L3)/NBIS1 
DO 3 1=1.NDIMl 
DO 4 JsIsNOIMl 
PHI2(I.J)=PHI(X.Y) 
PSI2(I.J)=PSI(X,Y) 
X=X+DELX2 
4 CONTINUE 
X = -L3 
Y=Y+(H/NBISl) 
3 CONTINUE 
WRITE(6«2C0) 
00 5 1=1,NDIMl 
WRITE(6«3C0) ( PH IK I,J),J = 1 ,NDIMl ) 
5 CONTINUE 
DO 6 1 = 19 NDIMl 
WRITE(6»300) (PHI2(I,J),J=I.NDIMl) 
6 CONTINUE 
WRITE(6F400) 
DO 7 1=1,NDIMl 
WRITE(6.3CO) (PSI1(I,J),J=1,NDIM1) 
7 CONTINUE 
DO 8 1=1,NDIMl 
WRITE(6,3C0) CPSI2{I,J),J=I.NDIMl) 
8 CONTINUE 
100 FCRMATCF2C.10) 
200 F0RMAT(5X.«PHI VALUES') 
300 F0fiMÀT<iX.llFi2.5j 
400 F0RMAT(5X.«PSI VALUES*) 
STOP 
END 
FUNCTION PHKX.Y) 
IMPLICIT REAL*8(A-H,K,L,0-Z) 
COMMON/CA/ A(21) 
COMMON H.L2,L3,H,G.ftDD.C,PI 
NMAX=21 
XI=DSQRT(X*X+Y*Y) 
DO 1 M=1,NMAX 
IF(M.NE.l) GO TO 8 
PHl=(A(l)*(DLOG(Xl/ROD))/ÎDLOG{G/RDD)Î) 
GO TO 1 
S M1=M-1 
P=(X1/G)*$M1 
Q=(R0D*RDC/(G*X1))**M1 
T=(RDD*RDD/(G*G))**M1 
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IF(X.LT.O) 
PHI=(A(M)*( 
GO TO 1 
10 XX=OABS(X) 
» +PHI 
I CONTINUE 
RETURN 
END 
FUNCTION PSKXTY) 
IMPLICIT REAL*8(A-H.K,L,0-Z) 
COMMON/CA/ A(21) 
COMMON L1,L2.L3,H,G,RDD,C,PI 
NMAX=21 
Xl=DSQRT(X*X+Y»Yj 
DO 1 M=1,NMAX 
IF(M.NE.l) GO TO 9 
IF(X.LT.O) GO TO 10 
PSI=C*A(1)*DATAN(Y/X)/(OLOG(G/RDD)) 
GO TO 1 
10 XX=DABS(X) 
12 PSI=C*A(1)*(PI-DATAN(Y/XX))/(OLQGCG/RDO)) 
GO TO 1 
Q M1=M-1 
P=<X1/G)**M1 
a=(RDC*RDC/(G*Xl))**M1 
T=(RDD*RDC/(G*G)j**Ml 
IF(X.LT.O) GO TO 11 
PSI=C*A(M)*((P+Q)/(1.0-T))*(DSIN(M1*DATAN{Y/X3}Î+PSI 
GC TO 1 
II XX=DABStX) 
PS I=C#ACM)=fc({P+Q)/( 1,0-T))*(DSIN(M1$(PI-DATAN(Y/XX)))) 
* +PSI 
1 CONTINUE 
RETURN 
END 
C 
C PUT THE ANN VALUES HERE 
C 
C 
c 
c******************** MAIN PROGRAM ****************?****?* 
C 
c 
C TILE DRAIN IS ABOVE THE IMPERVIOUS LAYER 
IMPLICIT REAL*8«A-HSJSLSO-2) 
COMMON/CUES/ T1(61),T2(55),T3(17),T4(81),T5(31),F1(61) 
* ,F2C55>.F3Î17>,F4{8i),F5C315 
GO TO 10 
P-Q)*(0C0S(M1*DATAN(Y/XX)))/(!.0-T))+PHL 
P-Q)*(0CCS(M1»(PI-DATAN(Y/XXJ)))/(1.0-T)) 
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COMMON/UWM/ U1(21,61),U2(21«61),U3(21•55)*U4(21,55)• 
* U5(21,17),U6(21,17),U7(21,81).U8(21,81).U9(21,31) 
* ,U10(21*31),UU(21,21),U(21),WM(21),R1(61),R2(55),R3( 
* 17),R4(81}.R5(31),MMM1(61},WMM2(55),WMM3(17),WMM4(81 
* ),WMM5(31).WM1(61)>WM2(55)•WM3(17),WM4(81).WM5(31) , 
» 01(61),E2(55i.33(17Î,B4{81).35(31Î. 
* U12(21,55),U13(21f17)»U14(21»81).U15(21»31) 
COMMON/CFF/ AÎ21>.FN1Î61),FN2(S5),FN3(17)«FN4(81), 
* FN5(31) 
COyMON/CBES/ BESRHS.BESLHS 
COMMON/CERR/ lER.IERTH 
COMMON PI,H,G,E,L1.L2,C,S,RDD»DEL 1 »DEL2,0EL3,DEL4, 
* DEL5,TH1,TH2*TH3»TH4.TH5.NDIM1.NDIM2.NDIM3,N0IM4 , 
* NDIM5 
CALL TRAPS(0,0,32000) 
H= 10.COG 
LI=6.000 
S=H/L1 
L2=24.000 
E=4.000 
RDD=0®5D0 
PI=3.14159265358979300 
C=PI-DATAN{S) 
THl=PI/2. C 
TH2=OARCOS(E/((E*E+L2*L2)**0.5)) 
TH3=(DATAN{E/L2))+DATAN((H-E)/L2) 
TH4=DATAN(L2/(H-E))+0ATAN(Ll/(H-E)> 
TH5=2.0*PI-TH1-TH2-TH3-TH4 
G=((H-E)**2+L2*L2)**0.5 
NN=20 
NOIMl=6 1 
NDIM2=55 
NDIM3=17 
NO IM4=81 
NDiM5=3i 
NBISl=N0IM1-1 
NBIS2=NDiM2-i 
NBIS3=NDIM3-1 
N8ÎS4=ND ÎM4-1 
NBrS5=N0IM5-l 
DEL1 = TH1/NBIS 1 
0EL2=TH2/N8IS2 
DEL3=TH3/NSIS3 
0EL4=TH4/NBIS4 
0EL5=TH5/NBIS5 
CALL SUBS 
NMAX=NN+1 
KA=NMAX 
KAMl=KA-i 
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KADIAG=(KA«KAM1)/2 
8ESN=0«0DC 
CALL UW(NMAX) 
DO 1 M=1,KMAX 
W=WW(M) 
NCAPP1=M 
DO 3 K=1,N0IM1 
FNKK )=0«000 
3 CONTINUE 
DO 4 K=1,NDIM2 
FN2(K)=0.0D0 
4 CONTINUE 
DO 12 K=l,NOIM3 
FN3{K ) = C« COO 
12 CONTINUE 
DO 13 K=1,NDIM4 
FN4(K)=0.CDO 
13 CONTINUE 
DO 14 K=1,N0IM5 
FN5(K)=C«CD0 
14 CONTINUE 
DC 2 N=1,M 
U(N)=UU(M,N) 
2 CONTINUE 
CALL 0RTH(NCAPP1•KA.KAMl.KADIAG.tf) 
IF{{lER.NE.O)-OR.(IERTH,NE«03} GO TO 
CALL CUTPUT(M) 
BESN=BESLHS/BESRHS 
M1=M-1 
WRITE(6,1C0) Ml 
WRITE(6,200) BESRHS.BESLHS.BESN 
WKITE(6,SCG) lER.IERTH 
WRITE(6.300) 
DO 5 N=1,N 
WRITE(6,400) A(Ni 
5 CONTINUE 
TTRITE{6T€C0) 
DO 6 K=ljNDIMl»6 
WRITE(6.7C0Î T1«K),FM«K) 
6 CONTINUE 
DO 7 K=1,NDIM2»5 
WRITE(6.7C0> T2(K).FN2(K) 
7 CONTINUE 
DO 11 K=1,N0IM3,2 
*RITE(6,700) T3(KÎ.FN3ÎK> 
11 CONTINUE 
DO 15 K=leNOïM4»8 
WRITE(6,700Î T4(K),FN4{K) 
15 CONTINUE 
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DC 16 K=1,NDIM5,3 
WRITE(6,700) T5(K),FN5(K) 
16 CCNTI NUE 
1 CONTINUE 
GO TO a 
9 «/RITE (6.6C03 lER.IERTH 
100 F0RMAT(5X,' M= ',12) 
200 " "FORMATÎ5X.=BESRHS=',F20.10»'BESLHS = • sF20o10 s5Xs 
* •3ESN =•,F15.10) 
300 FORMAT(5X,'COEFFICIENT A') 
400 FQRMAT(5X,F20.10) 
600 FORMAT(SX,'ANGLE THETA',1OX,'APPROXIMATED F') 
700 F0RMAT{5X,F10.5,5X,F20-10) 
300 F0RMAT(5X,'IER = ',13,1 OX,»IERTH=',13) 
e STOP 
END 
C 
c******************* SUBROUTINES ************************* 
C 
SUBROUTINE SUBS 
IMPLICIT REAL*8(A-H,J,L,0-Z) 
COMMON/CUES/ Tl(6l) ,T2t55),T3(17 ) ,T4(81),T5(31),F1 ( 61) 
* ,F2(55),F3(17),F4(81),F5<31) 
CCMMON/CBES/ BESRHS,BESLHS 
COMMON PI,H,G.E,L1,L2,C»S,RDD,DEL1,0EL2,DEL3»DEL4, 
* DEL5,THl,TH2,TH3,TH4,TH5,NDIM1,NDIM2,NDIM3,NDIM4, 
* NDÏM5 
DIMENSION FFl(61),FF2(55),FF3(17),FF4(81),FF5<31),FFF 
* 1(6 1),FFF2£555,FFF3{17),FFF4(81),FFF5(31Î 
DO 1 I=1,NDIM1 
FID) =O.OCO 
FF 1 { I Î =F 1 ( I) sfF 1( I) 
1 CONTINUE 
CALL OQSF(DELI ,FFl,FFF1 ,NDIW1) 
DO 2 I=i,NDIM2 
F2(I)=O.OCO 
FF2< Ï )=F2(I)*F2( I Î 
2 CONTINUE 
CALL DQSF(OEL2,FF2,FFF2,NOIM2) 
DO 3 I=1,NDIM3 
F3(I)=1.000 
FF3(i)=F3(IJ*F3CIî 
3 CONTINUE 
CALL OQSF(OEL3,FF3»FFF3,NDIM3) 
DO 4 I=1,NDIM4 
F4(I)=OOOCO 
FF4(I)=F4{I)*F4(Iî 
4 CONTINUE 
CALL D0SF(DEL4,FF4,FFF4,NDIM4) 
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DO 5 1=1,NDIM5 
F5(I)=0«0D0 
FF5(I)=F5(I}*F5(I > 
5 CONTINUE 
CALL DQSF(DEL5.FF5.FFF5.NDIM5) 
SESRHS=FFF1(NDIX1:*FFF2(NDIM2)+FFF3Î NDIM3 Î +FF F 4{NOIM 
* 4)+FFF5(NDIM5) 
RETURN 
END 
C 
C COMPUTE UM WM AND UMN 
C 
SUBROUTINE U*(NMAX) 
IMPLICIT REAL*8(A-H,J,L,0-Z) 
COMMON/CUBS/ 71(6i).T2f55}.T3C17},T4(81)»T5{3i)*Fi(61) 
* ,F2(55)»F3(17),F4(31).F5{31> 
COMMON/UttM/ U1(21.61),U2(21,61),U3(21,55),U4(21,55), 
* U5(21#17),U6{21.17),U7(21.81).US(21.81)*U9{21.31) 
* ,U10(21,31),UU(21,21),U(21),WW{21),R1(61),R2(55),R3( 
* 17 ) »R4 % 81 ) •R5(31} 1(61 }«îâîran2î55j« SiMMo (17)* *MM4( Si 
* ),WMM5(31).UMl(61),WM2(55),WM3(17),WM4(81),*M5(31)• 
* Bl(61)•E2(553,8 3(17).84(81).B5(31)# 
* U12(21.55).U13(21,17).U14(21.81).U15(21.31) 
COMMON PI .H.G.E.Ll .L2-.C.S .ROD .DELI , DEL2 . 0EL3 . DEL4 , 
* 0EL5.TH1.TH2,TH3.TH4,TH5.N0IM1.NDIM2.NDIM3.NDIM4. 
* NDI MS 
DIMENSION Z1(61),Z2(55>.Z3(17).Z4(81),Z5(31),Z6(61),Z7 
» (55) ,Z8(17).Z9(81) .Z10(31).Z11(61).Z12(S5).Z13{17}.Z1 
* 4(81),Z15(31),Z16(61),Z17(55),218C17),219(81),Z20(31) 
* .Z21(61).Z22(55).Z23(17),Z24{81),Z25(31).Z26(61).Z27( 
* 55) . Z28( 17) .Z29< 81 ).Z30(31 ) . CMNK 61 ) . CMN2( 55 ) , CMN3( 17 
$ ) ,CMN4{81),CMN5(31).VI(61) .V2Î55) .V3(17).V4(81î.V5(31 
» eVe(61)9V7<55>sV8(irjeV9{Sl)sViÔC5ijeViii61)9Vi2i55}. 
* V13(17),V14(81),V15(31).V16(61).V17(55).V18(17),V19(8 
* i ),V20{3i> 9V21£ 61) .V22£55)»y23î175,V24Î 815 9V25£315,V2 
* 6(61),V27(55),V28(17).V2 9(81).V30(31) 
DIPENSION Pl(31> ,P2(31) .P3(61î.P4(61)« PS(61),P6Î61Î »P7 
* (61 ).P8(61).P9(55 ),P10(55),P11(55).Pi2(55).P13(55) . 
* P14(55}.Pi5(17j.PÎ6(17).P17«17J.P18€17).P19{81),P20( 
» 81),P21(81).P22(81).P23(81),P24(81),P25(31).P26(31) 
* ,P27(31),P28(31).P29(31),P30(315.P31î31),P32 
* (31 ) 
DO 1 M=l.NMAX 
IF(M.NE.l) GO TO 8 
DO 9 K=l,NOIMl 
T1(K)=(K-l)*OELl 
Ri(K)=E/(DSIN(T1(K> î+S*OCOS(T1(K))) 
U1(1.K)=((DSIN(T1(K))+S*OCOS(T1(K)))/(R1(K)*DLOG 
* ÎG/ROD))) 
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WMM1(K)=F1(K)*U1(1,K) 
CONTINUE 
DO 10 K=1»NDIM2 
T2(K)=TH1+<K-1)*DEL2 
R2(K)=E/DSIN(T2CK)) 
U12<l,K) = iOSÎN<T2CKÎ))/CR2{Ki »DL06CG/R0Dj j 
WMM2(K)=F2(K)*U12(1,K) 
CONTINUE 
OO 16 K=1,NDIM3 
T3(K)=TH1+TH2+{K-1)*0EL3 
R3(K)=-L2/DCOS(T3(K)) 
U13(l.K)=(<DL0G(R3CK)/RD0))•€DLOG(G/RDO>)) 
WMM3(K)=F3(K)*U13C1.K) 
CONTINUE 
DO 19 K=lsNOIM4 
T4(K)=THl+TH2+TH3+(K-1)»OEL4 
R4(K)=(E-HJ/OSIN(T4(K)3 
U14(1,K)={(•SIN(T4(K)))/(R4(K)»DLOG(G/ROO))) 
WMM4(K)=F4(K)*U14(1,K) 
CONTINUE 
00 20 K=1,NDIM5 
T5(K)=TH1+TH2+TH3+TH4+(K-1)*DEL5 
R5(K)=(E/S)*DC0S(T5(K))/(1•0+((DSIN(T5(K)))*DCOS(T5(K) 
* -C-PI) )/DSIN(C) ) 
P2(K) = ( (OSIN(C) + ( DSIN{T5(K) ) ) =t=OCCS ( T5( K )-C-PI ))**2+(( 
* OCOS<C+PI)*((DC0S(T5(K)))**2)/DSIN(C))+DSIN(C+PI}*( 
* DSIN(2.0*TS{K))+((OSIN(T5(K)))»*3/DC0S(TS(K)j))/DSIN 
* (C)+(DSIN(T5(K)))/(OCOS(T5(KÎ)))**2)**0.5 
U15C1»K3=Î(DSIN(CÎ + C0SIN(TS(K))Î *CDCOS{T5(KÎ-C-PI)))/( 
* P2(K)*RS(K)*OLOG(G/RDO))) 
WMM5(K)=F5(K)*U15(1,K) 
CONTINUE 
GO TO il 
MM = M- 1 
DO 2 K=l,NDiMl 
TKK) =( K- 1)*DEL1 
IF(MOD(MM,2).EQ.O) GO TO 81 
RKK.) =E/( 0SIN(T1(K) )+S*DCOS(Tl( K) ) ) 
P3(K}=(R1(K3/G)**((MM+1)/2)-(RDD*RDD/(G*Rl(K)))**((MM 
* +l)/2) 
P4(K)=(R1(K)/G)**((MM+1)/2)+(R0D*RDD/(G*Rl(K) 
* +l)/2) 
P5(K)=1.C-(RDD*RDD/(G*G))**((MM+1)/2Î 
U1(M,K)=(((DSIN{T1{K))+S*OCOS(TlCK)))*((MM+1)/2)*P4( 
* K)*OSIN(((MM+1)/2)*TltK;)/(Rl(K)*P5(K))î+<(DCOS(T1(K 
* ))-S*DSIN(Tl(K)))*((MM+l)/2)*P3(K)*(DC0S(((MM*l)/2)* 
* T1(K)))/{R1{K)*P5{K)))) 
*MM1(K)=F1(K)*U1(M,K> 
GO TO 2 
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ai RI(K)=E/(DSIN(T1(K))+S*0COS(T1(K))) 
P6(K)=1.0-(RDO*RDD/(G*G) 
P7(K)=(Rl(K)/G)**(MM/2)-(RDD*RD0/(G*Rl(K)) )**(MM/2) 
P8(K)=(Rl(K)/G)**(MM/2)+(RDD*RDD/(G*Rl(K)))**(MM/2) 
U2(M.K)=C((DSIN(T1(K))+S*OCOS(T1(K)))•(MM/2)iP8(K)*( 
* OCOSC(MM/2)*T1(K))}/(RI(K)*P6(K)))-((DCOS(T1(K))-S*D 
* SIN{T1(K)))*(MM/2)*P7(K)*DSIN((MM/2)*T1(K))/(R1(K)* 
* P6(K) ) J ) 
a/MMK K) =F1(K)*U2(M,K) 
2 CONTINUE 
00 3 K=1.N0IM2 
T2(K)=TH1+(K-1)*DEL2 
IF(MOO(MM,2).EQ.O) GO TO 31 
a2(K)=E/DSIN(T2(K)j 
P9(K}=(R2(K}/G)**((î/2}-(ROO*ROD/(G*R2(K) 
* +l)/2) 
P10(K)=(R2(K)/G}**((MM+l)/2)+(R0D*RDD/(G*R2(K)))**((MM 
* +l)/2) 
Pll(K) = 1.0-( RDD*RDD/( G*G) )**( (MM-6-1 J/2) 
'J3Î Ms K>=D£IN{ T2i K) ) *( (MM+1)/2)*P10(K)*(DSIN( { ( MM+1}/2Î 
* *T2(K)) )/(R2(K)*Pl 1 (K) ) + (OCOS< T2C K) ))*( (MM+1 )/2)* 
* P9(K)*(DCOS(((MM+l)/2)*T2(K)))/(R2(K)*Pll(K)) 
WMM2(K3=F2(K)*U3(M,K) 
GO TO 3 
31 R2(K)=E/OSIN(T2(K)) 
P12(K)=1•C-(RDO*RDD/(G*G))**(MM/2) 
P13(K)=(R2(K)/G)**(MM/2)-((RDD*RDD/(G*R2(K) ) )*$(MM/2) ) 
P14(K)=(R2(K)/G)**(MM/2)+(RCO*RDD/(G*R2(K)) )**(MM/2) 
U4(M,K) = (DSIN(T2(K) ))•(MM/2)*P14(K}*(DCOS(T2{K)•( MM/2) 
* ))/(R2(K)*P12(K))-(DC0S(T2(K)) )*(MM/2)*P13(K)*(DSIN 
* (T2(K)$(MM/2)))/(R2(K)*P12(K)] 
WMM2(K)=F2(K)*U4(MsK) 
3 CONTINUE 
DO 40 K=1,NDIM3 
T3<K}=TH1+TH2+(K-1)*DEL3 
ÎF(MOO(MM,2).EQ.OÎ GO TO 41 
R3(K)=-L2/OCOS(T3(K)) 
P15(K)=(R3(K)/G)**((MM+l)/2)-(RDC*RDD/(G*R3(K)))**(( 
^ MM+lî/2) 
P16(K)=1.C-(R00*RDD/(G*G3)**((MM+1)/2) 
U5(M«K)=P15(K)*(DSIN( ((MM+1)/2)*T3(K)) )/P16(K) 
K)=F3{K)*U5(M,K) 
GO TO 40 
41 R3(K) =-l.2/0C0S{T3ÎK) î 
P17(K)=1.0-(RDD*ROD/(G*G))**(MM/2) 
Pie(K)=(R3(K)/G)**( MM/2)-{(RDD$R0D/(G*R3(K)) )#*(MM/2) ) 
U6(M,K)=P18(K)*(DCOS((MM/2)*T3(K)))/P17(K) 
WMM3(K)=F2(K)*U6(M,K) 
40 CONTINUE 
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DO 50 K=1.N0IM4 
T4(K)=TH1+TH2+TH3+(K-1)*DEL4 
IF(MOD(MM,2).EQ.O) GO TO 51 
R4(K)={E-H)/DSIN{T4(K)Ï 
P19(K)=(R4(K)/G)**((MM+l)/2)-(RDD*RDD/(G*R4(K)))**(( 
* MM+l)/2) 
P20(K)=(R4(K)/G)**((MM+l)/2)+(RDD*RDD/{G*R4(K)))**(( 
» MM+1Î/2Î 
P21(K)=l.C-(ROD*RDD/(G*G>)**((MM+1J/2> 
U7(M.K)=(CSIN(T4(K3))*((MM+1)/2J•P20(KÎ*(DSIN(((MM+1) 
* /2)*T4(K)))/(R4(K)*P21(K))+(DCOS(T4(K)3>*((MM+1)/2Î 
* *P19(K)*(DC0S(((MM+1)/2)*T4(K)))/(R4(KÎ*P21(K)) 
WMM4(K)=F4(K)*U7(M,K) 
GO TO 50 
51 R4(.<)=( E-hJ/0SIN(T4(K) ) 
P22(K)=1.0-(RDD*RDD/(G*G))**(MM/2) 
P23(Kj=(R4(K)/G)**(MM/2)-(RDD*RDD/(G*R4(X)))**(MM/2) 
P24(K)=(R4(K)/G)**(MM/2)+(RDO*RDD/(G*R4(K)))*#(MM/2) 
U8(M,K)=(DSIN(T4(K)))*(MM/2)*P24(K)•{DCOS(T4(K)*(MM/2 
* Î))/(R4(K)*P22(Ki)-(DC0S(T4(K)3)$(MM/2;*P23(K)*{&SIN 
* (T4(K)*(MM/2)))/(R4(K)*P22(K)) 
WMN4(K)=F4(K)*U8(M.K) 
50 CONTINUE 
00 60 K=l,N0INi5 
TS{K) =TH1+TH2+TH3+TH4+(K-1 )*DEi_5 
IF(M0D(MM.2J.EQ.O) GO TO 61 
R5(K)=(E/S)*0C0S(T5(K))/(1•0+((OSIN(T5(K)))«0C0S(T5(K) 
* -C-PIÎ)/OSIN(C)) 
PI(K)=(DCCS(C+PI)/DSIN«C))${(DC0S(T5(K))}»*2)+(DSIN 
* (C+PI)/CSlN(C))*(0SIN(2.0*T5(K))+((DSIN(T5(K)))**3)/ 
* DC0S(T5(K)Î)+DTAN(TS(K)) 
P2(K)=((OSÎN(€}+COSÎN(T5CKJ))*OCG5(T5(K)-C-PI):**2+({ 
* OCOS(C + PI)*((DCOS(T5(K)J î#»2i/OSÏNCC))+ÛSÎNïC+Pî i*i 
* 0SIN(2.0*T5(K)J+((0SIN(T5(K>))**3/DCOS(T5(K))))/OSIN 
» (C)+(DSIN(T5(KÎ))/{DCOS(TS(K)î})*e2)*30=5 
P27(K)=(RS(K)/G)**{(MM+l)/2)-(ROD*RDD/{G*R5(K)))**((MM 
* +l)/2> 
P28(K)=(R£(KJ/G)**((MM+l)/2)+(RD0*RDD/(G*R5(K)))$*((MM 
^ +l>/2> 
P2S(K)=1.C-(RDO*RDD/(G*G})**((MM+1i/2) 
U9(M,K)=(1.0/P2(K))*((MM+1)/2)*(1.0/R5{K})»(P28{K)/ 
* P29(K))*(DSIN(C)+(DSIN(T5(KJJ}=DCOSiISiKi-C-Pli;*DSI 
» N({ (MM+l)/2)*T5(K)) + (Pl(K)/P2(Kj)*((MM+l)/2)*(1.0/R5 
* (K)}*(PZ7(K)/P29(Kj)*DCOS(((MM+l)/2)*T5(K)) 
WMM5(K)=F5(K)*U9(M,K) 
GO TO 60 
61 R5{K)=CE/S> *OCOS{T5ÎK)S/Îlo0+((DSÎK(T5(K)))*DCOS(T5(K î 
* -C-PI))/DSIN(C) ) 
PI(K)=CDCCS(C+PI)/DSIN(CÎ î^îCOCOSCT55Kîî)**2) + (DSIN(C+ 
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* PI)/OSIN(C) ) *(DSIN( 2«0*TS<K) ) + ( (OSIN(T5(K) > 
$ CC0S(T5(KJ))+DTAN(T5(K)) 
P2(K>=((D£IN(CJ+(OSIN(T5(KJ))•OCGS<T5(KJ-C-PI)j**2+(( 
* DCOS(C+PI)*((DCOS<T5(K)))**2)/0SIN(C))+DSIN(C+PI)* 
* (DSIN(2.0*T5(K)J + ((DSIN(T5(K) ) )••3/DCOS(T5(K) )) )• 
* DSÎ N(C > + CDSÎN(T5(K)ÎDCOSÎTSÎKi ÎJ)**2)**0.5 
P3 0(K)=1.C-(RDD*ROD/(G*G))**(MM/2) 
P3 i{K)=(R5(K)/G;**{MM/2)-(ROO$RDD/(G$R5(K}})**(MM/2l 
P3 2(K)=(RS(K)/G)**(MM/2)+[RCD*RDD/(G*R5(K)))*$(MM/2) 
U10(M,K)=(1.0/P2(K))*(MM/2)*{1.0/R5(K))*(P32(K)/P30(K) 
* )*(DSIN(C)+(OSIN(TS(K)))*DCOS(T5(KJ-C-PI))*OCOS((MM 
» /2Ï *TS(K))-(Pl(K)/P2(K) )*(MM/2)*(1.0/R5(K))*(P31(K) 
* /P30(K))*OSIN((MM/2)*T5(K)) 
WMM5{K)=F5(K)*U10<M,K) 
60 CONTINUE 
11 CALL DQSF(DEL1.WMMl ,WM1,NDIMl) 
CALL DQSF(OEL2.aMM2,WM2,NOI«2) 
CALL OQSF(OEL3«WMM3.tfM3«NOIM3) 
CALL DQ5F(DEL4,WMM4,WM4,NDIM4) 
CALL DQSF{DEL5,WM«5.WM5.N0IM5J 
*W(M) =1*M1 (NDIMl) +V/M2( NDIM2) +WM3 ( NO IM3 > +WM4 ( NO IM4) + 
* WM5(N0IM5) 
1 CONTINUE 
C CALCULATICN OF U(M,N) 
C CALCULATICN OF U(0,0) 
00 13 K=1,NDIM1 
B1(K)=U1(1,K)**2 
13 CONTINUE 
DO 14 K=1.NDIM2 
52{K>=U12(1,K)**2 
14 CONTINUE 
00 15 K=1:NDIM3 
33(K}=U13(1,K)**2 
15 CONTINUE 
DO 16 0 K=i,N0IM4 
B4(K)=U14(1,K)**2 
160 CONTINUE 
DO 17 K=1,N0IM5 
B5(K)=U15(I,K)**2 
17 CONTINUE 
CALL DQSF (OEL 1 t3i .CMNl . NDI W.l) 
CALL DQSF( DEL2,32.CMN2,NDI.V!2J 
CALL DQSF(DEL3,B3,CMN3»NDIM3) 
CALL DQSFCDEL4,84,CMN4,NDIM4) 
CALL DQSF(DELS,B5,CMN5,NDIM5) 
UU(1, 1)=CMN1(N0IM1)+CMN2{NDIM2)+CMN3(NDIM3Î+CMN4( NOIM4 
* )-s-CMN5(NDIM5) 
DO 13 M=2,NMAX 
MM=M- 1 
c 
2 1  
32 
42 
52 
62 
C 
70 
72 
82 
S3 
84 
85 
18 
230 
COMPUTATION OF U(M,0) FOR MM=ODD 
IF(M00(MM,2).EQ.O} GQ TO 70 
DO 21 K=1,N0IM1 
Z I ( K > = U 1 1 , K )  
CÛNTINUE 
DO 32 K=l,NOIM2 
Z2(K)=U3(y,K)*U12(l,K) 
CQNTINUE 
00 42 K=1,NDIM3 
Z3(K)=U5(N,K)*U13(1.K) 
CQNTINUE 
00 52 K=1,NDIM4 
Z4(K)=U7(M,K)*U14(1,K) 
CONTINUE 
DO 62 K=1»NDIM5 
Z5(K)=U9(M,K)*U1S(1,K) 
CQNTINUE 
CALL DQSF(DELI,Zl.Vl.NDIMl) 
CALL DQSF(0EL2.Z2,V2,NDIM2) 
CALL DQSF(DEL3»Z3,V3.NDIM3) 
CALL 0QSF(0EL4,Z4,V4,NDIM4) 
CALL 0GSF<DEL5,Z5,V5.NDIM5) 
UU(M,1)=V1(NDIM1J+V2(NDIM2)+V3tNDIM3)+V4(NDIM4)+ 
* V5(NDIM5) 
GC TO 18 
COMPUTATION OF U(M,0) FOR MM=EVEN 
DO 72 K=1,NDIM1 
Z6(K)=U2(M.K)vUl(1,K) 
CQNTI NUE 
DO 82 K=1 ,\0IM2 
Z7(K)=U4(M,K)*U12(1.K) 
CONTINUE 
DO 83 K=1,N0IM3 
Z8(K)=U6(N.K)*U13(1,K) 
CQNTI NUE 
DO 84 K=1,NDIM4 
Z9(K)=U8(M,K)*U14(1,K) 
CONTINUE 
DO 85 K=1,NDIM5 
Z10(K)=UlC{M*Ki*U15(l«K) 
CONTI NUE 
CALL 0QSF(DEL1.Z6.V6.NOÏMl} 
CALL 0QSF<DEL2,Z7«V7,NDIM2) 
CALL DQSF(DEL3,Z8,V8,N0ÎM3Î 
CALL DQSF(DEL4,Z9.V9»NDIM4) 
CALL D0SF(DELS,Z10,V10,NDIM5) 
UU(M, i >=V6( NDIMl î 4-V7Î NDÎM2i 4-VSÎ NDÎ.M3î4-V9ÎNDÎM4) + 
* V10(NDIM5) 
CONTINUE 
86 
S7 
es 
89 
90 
C 
151 
91 
92 
93 
94 
231 
DO 190 M=2»NMAX 
MM=M-1 
DO 30 0 N=2,M 
NN=N-1 
IF(M0D(MM,2).EQ.O) GO TO 200 
IF(%OD(NN,2}=EQ=0) GO TO 150 
DO 86 K=1,NOIMl 
Z11(K)=U1(M,K)*U1(N,K) 
CONTÎ NUE 
DO 87 K=1.NDIM2 
Z12(K)=U3(M,K)*U3(N,K) 
CCNTINUE 
DO 88 K=1»NDIM3 
Z13(K)=U5(M,K)*U5(N,K) 
CONTINUE 
DO 89 K=1«NDIM4 
214 ( K)=U7(M.K)*U7{N,K) 
CONTÎ NUE 
DO 90 K=1,NDIM5 
Zi5(K)=U9(M,K)*U9(N,K) 
CCNTINUE 
CALL DQSF(DEL1.Z11.VI1»NDIM1) 
CALL DQSF(DEL2,Z12,V12,NDIM2) 
CALL DOSF(OEL3.Z13,V13.NDIM3) 
CALL DQSFÎDEL4,Z14»V14.NDÎM4) 
CALL DQSF(DELS,Z15.VIS.N0IM5) 
UU(M, NJ = V11(NDIMl) + VI2(NDIM2>+V13(NDIM3)+V14(NDIM4) + 
* V15(NDIK5) 
GO TO 300 
U(y,N) M«=ODO NN=EVEN 
DO 91 K=1,NDIMl 
Z16(K)=U1(M,K)*U2{N,K) 
CCNTï NUt 
DO 92 K=1,NDIM2 
Z17{K)=U3(M,K) =fcU4ÇN,K) 
CCNTINUE 
OC 93 .<=1».N0ÎM3 
ZI8{K )=U5(M,K)*U6(N,K) 
CONTINUE 
DO 94 K=1,NDIM4 
ZI9(K;=U?(M,K}*U8(N»K) 
CONTINUE 
DO 95 K=l,NOIM5 
Z20(K)=U9(M.K)*U10(N,K) 
CONTI NUE 
CALL DQSF(DEL1.Z16,V16»NDIN1) 
CALL 0GSF(DEL2,Z17,V17,NOIM2) 
CALL DaSF(DEL3»Z18.V18.N0IW3} 
CALL DQSF(DEL49Z19,V19,NOIM4) 
200 
C 
191 
192 
193 
194 
195 
C 
2 1 0  
96 
97 
98 
99 
101 
232 
CALL DQSF(OEL5.Z20»V20.NDIW5) 
UU(M,N)-V16(NDIM1)+V17(NDIM2)+V18(NDIM3)+V19(NDIM4)+ 
* V20(NDIM5) 
GO TO 300 
IF(MQD(NN,2>.EQ.0Î GO TO 210 
U(M.N) MM=EVEN NN=COD 
00 191 K=l,NOIMl 
Z26(K)=U2{M,K}*U1(N,K} 
CONTINUE 
00 192 K=1,N0IM2 
Z27(K)=U4(M,K)*U3(N,K) 
CONTINUE 
00 193 K=1.N0IM3 
Z28(K)=U6(M,K)»U5(N.K) 
CONTI NUE 
00 194 K=1,NDIM4 
Z29(K)=U8(M,K)*U7(N,K) 
CONTINUE 
00 19 5 K=1,N0IM5 
Z30(K)=U1C(M,K)*U9(N,K) 
CONTINUE 
CALL DQSF(DELI,Z26,V26»NDIM1) 
CALL OQSF(OEL2.Z27.V27»NDIM2) 
CALL DQSF(DEL3,Z2a.V28.NDIM3) 
CALL DQSF(0EL4,Z29,V29,NDIM4j 
CALL DQSF(DEL5,Z30,V30.N0IM5) 
UU(M,N) =V26(NDIM1 ) + V27(NOIM2)-»-V28(NOIM3)+V29( NDIM4J + 
* V30(NDÎM5) 
60 TO 300 
U(M«N) MM=EVEN NN=EVEN 
DO 96 K=1,NDIM1 
Z 2 IC K ) = U 2 {M , K ? U 2 C N î K ) 
CONTINUE 
00 97 K=1 ,NDÏ M2 
Z22(K)=U4(m,K}*U4(N,K) 
CONTINUE 
DO 98 K=i,NDlM3 
Z23(K)=U6(M,K)»U6CN,K) 
CONTINUE 
00 99 K=1,NDIM4 
Z24(K)=U8(M,K)*U8(N,K) 
CONTINUE 
DO 101 K=1,NDIM5 
Z25(K)=U1G(M,K)*U10(N,K) 
CONTINUE 
CALL DGSF(DEL1 t.Z21 ,V21 .NDIMl) 
CALL OaSF(DEL2«Z22;V22,NDIM2) 
CALL DQSF(DEL3,Z23,V23»N0IM3) 
CALL DQSFCDEL4,Z24.V24,NDIM4Î 
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CALL 0QSF(0ELS,Z25,V25,NDIM5) 
UU(M,N)=V21(NDIM1)+V22(NDIM2)+V23(NOIM3)+V24{NDIM4)+ 
* V25(NDIMS) 
300 CONTINUE 
190 CONTINUE 
RETURN 
END 
C 
C COMPUTE AMN AND BESLHS USING WM AND UMN 
C 
SLLROUTINE 0RTH(NCAPP1.KA.KAMI,KADIAG.W) 
IMPLICIT REAL*8(A-H,J,L,0-Z) 
COMMON/UWM/ Ul(21.61) ,U2(21.61).Uc< 21.55).U4(21.55) . 
* U5(21.17).U6(21.17).U7(21.81).U8(21,81),U9(2i,31) 
* .U10(21.31),UU(21,21).U(21),WW(21).R1(61).R2(55).R3{ 
* 17) .R4{81),R5(31) .WMM1(61 J.ttMM2<55).WMM3(17).WMM4(ai 
$ ),WMMS(51).WM1(61).WM2(55)*»M3(17),WM4(81),WM5(31), 
* 31(61).22(55),B3(17).84(81).85(31). 
* U12(21,55).U13(2i.l7),U14(21.81),U15(21,31) 
COMMON/CFF/ A(2i) .FNKol) . F N2 ( 55 ) .FN3( 17) .FN4(S1) . 
* FN5(31) 
COMMON/CBES/ BESRHS.8ESLHS 
COMMON/CERR/ 1ER.IERT H 
DIMENSION D(21),C(20),G(21).J(210) 
IF (NCAPPl-1) 1.2.2 
1 IER=1 
RETURN 
2 IF (NCAPPl-KA) 4,4.3 
3 IER=2 
RETURN 
4 IF (KA-1-KAMl) 5.6.5 
5 IER=3 
RETURN 
6 IF ((KA*KAM1)/2-KADIAG) 7.8.7 
7 IER=4 
RETURN 
3 CONTINUE 
IER=0 
NCAP=NCAPP1-1 
NCAPM1=NCAP-1 
IF (NCAPMl) 10.20.30 
10 D( 1 > = Ui1 Î 
G( 1 ) =W 
E=G(1)/D(1) 
A( 1)=E 
UANG=U(1) 
OANG=D(1) 
3ESLHS=E*E*DANG 
CALL ANGLESÎOANGïUANGÎ 
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RETURN 
20 C(1)=U(1)/D(1) 
0(2> = U(2)-C(I)•€<!)••(1 } 
G(2)=tt-C( 1)*G(1) 
E=G(2 )/D(2J 
A(1)=A(1)-E*J(1) 
AÎ 2)=E 
UANG=U(2) 
0ANG=D<2) 
BESLHS=BESLHS+E*E*DANG 
CALL ANGLEStDANG,UANG) 
RETURN 
30 C(1)=U(1)/D(1) 
NFORJ=0 
DO 100 N=2,NCAP 
CTEMP=U(N) 
NM1=N-1 
00 200 NN=1.NM1 
NFCRJ=NFCRJ+Î 
200 CTEMP=CTEMP-U(NN)*J(NFCRJ) 
100 C(N)=CTEMP/0{N) 
OTEMP=U(NCAPPi) 
GTEMP=W 
DO 300 N=1,NCAP 
CTEMP=C(N) 
DTEMP=DTEMP-CTEMP*CTEMP*D(N) 
300 GT£MP=GTEMP-CTEMP*G(N) 
D< NCAPPl)=0TEMP 
G(NCAPPl)=GTEMP 
E=GTEMP/OTEMP 
NSTART=0 
00 40 0 N=1,NCAPM1 
JTEMP=C(N) 
N S T AR T= N S T AR T-S-N 
NFCRJ=NSTART 
NP 1=N + 1 
00 500 NN=NP1,NCAP 
JTEMP=JTEMP-C(NN)*JÎNF0RJ) 
500 NFGRJ=NFCRJ+NN-1 
J(NFORJ > =JTEMP 
400 A ( N> = A{ N)-E^PJTEMP 
NFGRJ=NFCRJ+1 
J(NFORJ)=C(NCAP) 
A(NCAP)=A(NCAP)-E*J(NFCRJ) 
A(NCAPPl)=E 
UANG=U(NCAPP1) 
DANG=D(NCAPPl) 
BESLHS=BESLHS+E*E$DANG 
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CALL ANGLES(OANG»UANG) 
RETURN 
END 
SUBROUTINE ANGLES(DANG,UANG) 
IMPLICIT REALMS (A-H,J.L,G-Z) 
COMMON /C5ES/ BESRHS,SESLKS 
COMMON /CERR/ lER.IERTH 
lEPTX = 0 
IFOESLHS .LT.O.DO) GO TO 10 
IFCBESLHS.GT.BESRHS) GO TO 20 
IF(DANG.GT.UANG) GO TO 30 
IF(DANG.LT.O.DO) GO TO 40 
IF(UANG.LT.O.DO) GO TO SO 
RETURN 
10 lERTH = I ERTH 4- 1 
20 I ERTH = I ERTH *• 1 
30 lERTH = I ERTH + 1 
40 lERTH = I ERTH + 1 
50 I ERTH = I ERTH + 1 
RETURN 
END 
C 
C 
SUBROUTINE OUTPUT(M) 
IMPLICIT REAL*8 (A-H.J.L.C-Z) 
COMMON/UWN/ UK21,61),U2(21.6 1).03(21.55).U4{21.55). 
* U5(21.17).U6(21.17),U7( 21.81).U8(21.81).U9(21.3 I) 
* ,U10(21,31).UU(21.21)«U(21)«WW(21).R1(61),R2(55).R3( 
* 17),R4(81J.R5{31).WMM1(61 Î . tSMH2« 55) . fc!MM3 { 17) 9«MM4( 81 
* ),WMM5(31).WMK 61).WM2(S5].WM3(17).WM4(81).WM5(31) . 
* B1(61).£2(55>.B3(17).B4(81).85(31). 
& U12(21-55)-UÎ3C 2Î .17),U14(21.81).U15Î21.31) 
COMMON/CFF/ A(21)«FN1(61),FN2(S5),FN3(l7>,FN4(8i), 
* FN5{31) 
COMMON PI,H,G,E.L1.L2,C.S«RDD«0EL19DEL2eDEL3.0EL4s 
* DEL5.THI,TH2.TH3.TH4.TH5.NOIMl.N0ÎM2.NDIM3.NDÎM4. 
* NDI MS 
00 1 N=1.N 
00 3 K=1.N0IM1 
MM1=N-1 
IF(MMl.NE.O) GO TO 30 
FNi(K)=A( 1)*U1(l.K)+FNl(K) 
GO TO 3 
30 IF(M0D(MMl,2)«EQ«,0) GO TO 31 
FN1(K)=A(N)*U1(N,K)+FN1(K) 
GO TO 3 
31 FN1(K)=A(K)*U2(N,K)+FN1(K) 
3 CONTINUE 
DO 4 K=1.N0IM2 
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MM1=N-1 
IF(MMl.NE.O) GO TO 40 
FN2(K)=A(1)*U12(1,K)+FN2{K) 
GO TO 4 
40 IF(MOD(MM1,2).EQ.O) GO TO 41 
FN2(K)=A(K)*U3(N,K)+FN2(K > 
GO TO 4 
41 FN2(K)=A(K)*U4(N,K)+FN2(K) 
4 CONTINUE 
DO S K=l.NOIM3 
MM1=N-1 
IF(MMl.NE.O) GO TO 50 
FN3(K)=A( 1)*U13(1,K)+FN3(K) 
GO TO 5 
50 IFÎM00ÎMM1.2Î.EQ«0) GC TO 51 
FN3(K)=A(N)*US(N,K)+FN3(K) 
GO TO 5 
51 FN3(K)=A(N}*U6(N,K)+FN3(K) 
5 CONTINUE 
DC 6 K=1,NDIM4 
MM1=N-1 
IF(MMl.NE.O) GO TO 60 
FN4(K)=A(1)*U14(1,K)+FN4(K) 
GC TO 6 
60 IF{M0DÎMM1,2)«EQaOJ GO TO 61 
FN4(K)=A(N)*U7(N,K)+FN4(K) 
GO TO 6 
61 FN4(K)=A(N)=frU8(N.K)+FN4(K) 
6 CONTINUE 
DO 7 K=l.NOIM5 
MM1=N-1 
IFtMMloNEeO) GO TO 70 
FNSiK / = A; 1 .K:&FN5(K: 
GO TO 7 
70 IFÎMOD(MMl»2îoEQoGJ GO TO 71 
FN5(K)=A(N)*U9{N,K}+FNS{KÎ 
GO TO 7 
71 FN5(K)=A(N>*U10(N,K)+FN5(K) 
7 CONTINUE 
1 CONTINUE 
RETURN 
END 
C 
C CALCULATION OF PHI AND PSI FCR FLOWNET 
C 
IMPLICIT REAL*8(A-H,K,L,0-Z) 
COMMON/CA/ A(21) 
COMMON PI,H,C,E,S,L1,L2,RDD,G,NDIM1,NDIM2 
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DIMENSION PHI1(6«6)«PHI2(6.11)tPHI3(6.11>.PHI4(6»6)» 
* PHI 5(6*6)«PSI1(6. 6) *PSI2(6t11)•PSI3(6.11}«PSI4(6.6). 
* PSI 5(6,6) 
H=10« 000 
1_1=6.0D0 
a—2^24 «OOC 
E=4.0D0 
C=5o000 
RD0=0.500 
S=H/L1 
G=0SQRT(LZ*L2+(H-E)**2) 
PI=3.1415Ç2653589793D0 
READ(5»10C) (A(I).I=1.21) 
NO IMl=6 
NDIN2=11 
N3IS1=N0IM1-1 
NBIS2=NDIM2-1 
OELXl=((E/S)-RDD)/NBIS1 
OELYi =(E-RDD)/NBIS1 
X = RDD 
Y=C.ODO 
OO 1 I=1»NDIM1 
OO 2 J=I.NDIM1 
PHIKI.J)=PHI(X,Y) 
PSIif I,J)=PSI{X,Y) 
X=X+DELX1 
2 CONTINUE 
X=RDD 
Y=Y+0ELY1 
1 CONTINUE 
D£LX2=-(L2-RDD)/N3IS2 
DELY3=E/NEIS1 
X=-L2 
Y=O.ODO 
DO 3 1=1 
DO 4 J=1,N0IM2 
PHI2Î I,J)=PHÎÎX, Y) 
PSI2{I,J)=PSI(X,Y) 
X=X-DELX2 
4 CONTINUE 
X = -L2 
Y=Y+DE1_Y3 
2 CONTINUE 
D£LX2=-(L2-RDD>/NBIS2 
DELY2=-(H-E)/NBIS1 
X = -L2 
Y=-{H-E) 
OO 5 1=1tNOIMl 
DO 6 J=1«N0IM2 
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PHI3(I,J)=PHI(X,Y) 
PSI3(I,J)=PSI{X,YJ 
X=X-DELX2 
6 CONTINUE 
X=-L2 
V=V—D ELY 2 
5 CONTINUE 
DELXL=((E/S)-R0D3/NBIS1 
DELY2=-(H-E)/N8IS1 
X=RDD 
Y=-(H-E) 
DO 7 I=L,NDIML 
DO 8 J=1.NDIM1 
PHI4(I,J)=PHI(X,Y) 
PSI4(I.J)=PSÏCX.Y) 
X=X+DELX1 
A CONTINUE 
X=RDD 
Y=Y-0ELY2 
7 CONTINUE 
DELX3=(L1-(E/S))/NBISL 
DELY2=-{H-E)/NBIS1 
X=E/S 
Y=-(H-E) 
OO 9 I=1.N0IM1 
DO 10 J=I,N0IM1 
PHI5CI,J)=PHI(X,Y) 
PSI5( I.J)=PSI<X»Y) 
X=X+DELX3 
10 CONTINUE 
X = E/S 
Y=Y-0ELY2 
9 CONTINUE 
WRITE(6.2C0) 
DC 11 I=1,NDIM1 
WRITE(6.3CO) (PHI1(I,J),J=I.NDIWL5 
11 CONTINUE 
DC 12 I=1»NDIM1 
WRITE(6F5CO) {PHI2{ I.J).J = 1 .NDÎM2Î 
12 CONTINUE 
OO 13 I=1,NDIM1 
WRITE(6,500) (PML3II,J)«J=LÎNÛÏW2Î 
13 CONTINUE 
DC 14 I=1,NDIM1 
WRITE(6.300) {PHI4( I , J ) .J=1,NDIM1) 
14 CONTINUE 
00 15 I=1ÎNDÎM1 
WRITE(6.300) (PH15(I «J),J = I.NDI M 1) 
15 CONTINUE 
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WRITE î 6, 400) 
DO 16 I=1»NDIM1 
WRITE(6,300> (PSIKI»J).J=I.NDIM1) 
16 CONTINUE 
OO 17 I=1,NDIM1 
SRITE(6,500: ÎPSI 2{ I » J) »J = 1 «NOIÎ52J 
17 CONTINUE 
00 18 1=1,NDIMl 
WRITEC 6,5C0) (PSI3(I,J)»J = 1.NOIM2J 
18 CONTINUE 
DO 19 I=l,NOIMl 
WRITE(6.3 00) {PSI4{I.J),J=1,NDIM1) 
19 CONTINUE 
DO 20 1=1»N0IM1 
WRITE C6«300) (PSÎ5(Î»J).J = Î»N0ÎM1) 
20 CONTINUE 
100 FGRMAT(F2C.10) 
200 F0RMAT(5X,'PHI VALUES') 
300 FORMAT(5X,6F8.5) 
400 FORMATC5Xt=PSI VALUES') 
500 FCRMAT(5X,11F8.5) 
STOP 
END 
FUNCTION PHKX.Y) 
IMPLICIT REAL*8(A-H,K,L,0-Z) 
COMMON/CA/ A(21) 
COMMON PI,H,C,E,S,L1 . L2 .ROD .G , NO IM1 . NO I M2 
NMAX=21 
DC 1 M=1,NMAX 
IF(M.NE.l) GO TO 2 
X1=DSQRT{%*X+Y*Y) 
PHI=A{1)*{DLOGÎ X1/ROD Î)/DLOG{G/RDDi 
GO TO 1 
2 M1=M-1 
IFCMOD-: Ml s2î oEQoO ) GG TO 3 
X1=DSQRT(X*X+Y*Y) 
T2=(X1/G3**(ÎMl+L)/2î 
T3=((RDO*RDD)/iG*Xl))**((Ml+1)/2) 
T4=i.0-((RDD*ROD>/(G*G))**({Ml+l)/2} 
T5=(T2-T3)/T4 
IF({X.LT.C;.AND.{Y.EQ.O)) GC TO 13 
IF{(X.GT.CÎ.AND.iY.EÛ.Ô)> GC TÛ Î4 
IF((X .LT.C) .AND.( Y.GT.O)) GO TO 5 
IF(<X.LT.C).AND.€Y.LT.0)) GG TO 6 
IF((X.GT-C)-AND.(Y.LT.O)) GO TO 7 
T1=DATAN(Y/X) 
PHI=A(M)*T5*DSIN(((Ml+1)/2)*Tl)+PHI 
GO TO 1 
5 XX=OABS(X} 
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Tl=PI-DATAN{Y/XXj 
PHI=A(M)*T5*DSIN(((M1+1)/2)*T1)+PHI 
GO TO 1 
6 T1=PI*DATAN(Y/X) 
PHI=A(M)*T5*OSIN(((Ml+1)/2)*Tl)+PHl 
GO TO 1 
7 YY=0ABS(Y) 
T1=2.0*PI-0ATAN(YY/X) 
PHI=A(M)*TS*OSIN(((M1+1)/2)*T1)+PHI 
GG TO 1 
13 PHI=0.ODO+PHÎ 
GO TO 1 
14 PHI=0.ODO+PHI 
GO TO 1 
3 X1=DSQRT(X*X+Y*Y) 
T6=(Xl/G)**(Ml/2] 
T7=((R0D*RDD)/(G*X1))**(Ml/2) 
T8=l.C-((fiOO*RDD)/(G*G))**(M1/2) 
T9=(T6-T7)/T8 
IF{(X.LT.C;.AND.(Y.EG.0)Î GO TO 15 
IF((X .GT.C).AND.(Y.EQ.O)) GOTO 16 
IF((X.LT.O).AND.(Y.GT.O)) GOTO 10 
IF((X.LT«C).AND.(Y.LT.O)) GO TO 11 
IF((X.GT.C).ANO.(Y.LT.O)) GO TO 12 
T1=DATAN{Y/XÎ 
PHI=A(M)*T9»DC0S((M1/2)*T1)+PHI 
GO TO 1 
15 T1=PI 
PHI=A(M)*T9*DCOS((M1/2)*T1)+PHI 
GO TO 1 
16 PHI=A(M)«T9+PHI 
GO TO 1 
10 XX=0A65(X) 
T1=PI-DAT*N(Y/XX) 
PHI=A (M;*T9*0C0S( (M1/2)*T 1 )-rPHI 
GG TO 1 
11 T1=PI+DATANÎY/XÎ 
PHI=A(M)*T9*OCOS((M1/2)*T1)+PHI 
GO TO 1 
12 YY=DABS(Y) 
Tl=2.O^PI-OATAN<YY/X) 
PHI=A(M}*T9êùC0Si 4Mi/2> =PTi > Î 
1 CONTINUE 
RETURN 
END 
FUNCTION PSKXtY) 
IMPLICIT REAL*3(A-H,K,L,0-Z) 
COMMON/CA/ A(21) 
COMMON PI 6H9C9E9S9I.I9L29ROO9G0NDIMÎ eNDÎM2 
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NMAX=21 
DO 1 M=1,NMAX 
IF(M.NE.l) GO TO 2 
IF{(X.LT.O).AND.(Y.EQ.O)) GOTO 17 
IF((X.GT.C).AND.{Y.EQ.O)) GC TO 18 
ÎF{<X.i.T.05 .AND.iY-LT.Oj} GO TO 14 
IF((X.LT,C).AND.(Y.GT.O)) GOTO 15 
IF((X.GT.C)eAND.{Y.LT.O:) GO TO 16 
T1=DATAN(Y/X) 
PSI=C*A(1)*T1/DL0G(G/RDD) 
GO TO 1 
17 T1=PI 
PSI=C*A(1)*T1/DL0G(G/R0D) 
GO TO 1 
18 Tl=OoODO 
PSI=0.000 
GO TO 1 
14 T1=PI+DATAN(Y/X) 
PSI=C*A(1 )*Tl/DLOG(G/RDD) 
GO TO 1 
15 XX=OABS(X) 
T1=PI-DATAN(Y/XX) 
PSI=C*A(1)*T1/DL0G{G/RDD) 
GO TO 1 
16 YY=DASS(Y) 
Tl=2.0*PI-DATAN(YY/X) 
PSI=C*A(1)*T1/DL0G(G/RDD) 
GO TO 1 
2 Ml=M-1 
IF(M0D(M1.2).EQ.O) GO TO 3 
X1=0SQRT< X*X+Y*Y) 
T2=(X1/G)**(ÎMl+l!/2) 
T3=((RDD*RDD)/(G*X1))**((Ml+l)/2) 
T4=l.0-((RDO*RDD)/(G*G))**((M1+1)/2) 
T5=(T2+T35/T4 
IF((X.LT.O).AND-(Y.EQ.O)) GO TO 19 
IF((X«GT.OÎ.AND.(Y.EQ.Oii GO TO 20 
IF((X.LT.C).ANO.(Y.GT.O)) GO TO 5 
IF{(X.LToC).AND.(YoLT.0)) GO TO 6 
IF((X .GT.C).AND.(YoLT.O)) GO TO 7 
T1=DATAN(Y/X) 
PSI=-C»A(H)*TS*OCOS(((Ml+1)/2î#TÎ}+PSI 
GO TO 1 
19 T1=PI 
PSI=-C*A(N)*T5*DC0S(((M1+1)/2)*T1)+PSI 
GO TO 1 
20 T1=0.0D0 
PSI=-C*A{M)*TS*DCOS(((Ml+1)/2)*Tl)+PSI 
GO TO 1 
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5 XX=DABS(X) 
T1=PI-DATANIY/XXÎ 
P5I=-C*A(M)*T5*DC0S(((M1+1)/2)*T1)+PSI 
GO TO 1 
e YY=OABS{Y) 
XX=DASSÎXÎ 
T1=PI+DATAN(YY/XX) 
PSI=-C*ACN)*T5*DC0S({{M1+1)/2)*T1)+PSI 
GO TO 1 
7 YY=DABS(YJ 
Tl = 2.0*PI-OATAN( YY/X) 
PSI=-C*A(K)*T5*DC0S(((M1+1)/2)*T1)+PSI 
GO TO 1 
3 X1=DSQRT(X*X+Y*Y) 
T6=(Xl/G)**(Ml/2) 
T7=((R0D*RDD)/(G*X1))$*(Ml/2) 
T8=1.0-((RDD*RDD)/(G*G)]**(Ml/2) 
T9=(T6+T7)/T8 
IF((X.LT.C).AND.(Y.EQ.O)) GC TO 21 
IF((X.GT.O).ÂND-ÎY.EQ.0)Î GO TO 22 
IF((X.LT»C).AND.(Y.GT,0)) GC TO 10 
IF((X.LT.C).AND.(Y.LT.O)) GOTO 11 
IF((X.GT.C).AND.{Y.LT.O)) GC TO 12 
T1=DATAN(Y/X) 
PS I=G*A(M )*T9*0SIN( (M1/2)*T1}+PSI 
GO TO 1 
21 T1=PI 
PSI=0.ODO+PSI 
GC TO 1 
22 T1=0.ODO 
PSI=0.000+PSI 
GO TO 1 
10 XX=DABSiX) 
T1=PI-DATAN(Y/XX) 
PSI=C»A(M)*T9*DSIN((M1/2)*T1)+PSI 
GO TO 1 
11 YY=OABS(Y) 
XX=DABS(X) 
T1=PI+DÂ7AN(YY/XXÎ 
PSI=C*A(M)*T9*DSIN((M1/2)*T1)+PSI 
GO TO 1 
12 YY=OABS(Y) 
Tl=2. 0*PI-OATAN( YY/X> 
P5I=C*A(M)*T9*DSIN((M1/2)«T1> +PSI 
1 CONTINUE 
RETURN 
END 
SENTRY 
C 
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PUT THE AMN VALUES HERE 
